
Computers and Geotechnics 151 (2022) 104950

Available online 9 August 2022
0266-352X/© 2022 Elsevier Ltd. All rights reserved.

Two-dimensional DEM-FEM coupling analysis of seismic failure and 
anti-seismic measures for concrete faced rockfill dam 

Yongqian Qu a,b, Degao Zou a,b,*, Jingmao Liu a,b, Zhikai Yang a,b, Kai Chen a,b 

a State Key Laboratory of Coastal and Offshore Engineering, Dalian University of Technology, Dalian 116024, China 
b School of Hydraulic Engineering, Dalian University of Technology, Dalian 116024, China   

A R T I C L E  I N F O   

Keywords: 
Concrete faced rockfill dam 
Polygonal DEM 
DEM-FEM coupling analysis 
Seismic failure 
Anti-seismic measures 

A B S T R A C T   

The concrete faced rockfill dam is composed of granular materials and the failure pathways typically exhibits 
multi-scale mechanical behavior. In this paper, a 2D polygonal DEM-FEM interface coupling analysis program is 
developed and introduced to the failure analysis of a 100 m high CFRD under strong earthquake. The polygonal 
DEM is developed to describe the strong-nonlinearity, large deformation and discontinuous of dam. The FEM and 
seismic wave input method is combined to simulate the dam-foundation interaction. A boned model is proposed 
to describe the deformation characteristics of face slab and anti-seismic measure. The results indicate that the 
initial seismic failure of CFRD occurs at the crest zone, and is characterized by the loosening, sliding and even 
rolling away of the shallow rockfill on the slope. Other initial failure modes include settlement of the dam crest, 
separation between the face slab and rockfill, downstream sliding of the wave wall and separation between wave 
wall and face slab. The installation of a nailed protective slab at the upper part of the downstream slope reduces 
the seismic damage by 27–41 %. The analysis method can intuitively reproduce the seismic failure mode and 
failure evolution of the CFRD and quantify the effect of the anti-seismic measure.   

1. Introduction 

Concrete faced rockfill dams (CFRDs) have become a more popularly 
implemented dam type due to reliability, cost effectiveness and the 
adaptability to various environments and climates (Kartal et al., 2010; 
Kim and Kim, 2008; Zarfl et al., 2015). Many high CFRDs are con
structed in meizoseismal areas, such as the Jinglintai dam (height of 157 
m), the Zipingpu dam (height of 156 m), and the Gongboxia dam (height 
of 132 m) (Qu et al., 2019). There are some CFRDs are damaged by the 
earthquake, such as Cogoti CFRD in Chile, Minase CFRD in Japan, 
Malpasse CFRD in Peru, Cogswell CFRD in America, and Zipingpu CFRD 
in China(Boulanger et al., 1995; Kong et al.,2016; Luis et al., 1985; 
Zhang et al., 2015; Zou et al., 2013). Under strong earthquake, the dam 
is contracted and sank, shallow rockfill in the slope is loosening, slipping 
and even rolling, the face slab is crushed and separated from rockfill, the 
vertical joints and peripheral joint are open and slipping. These disasters 
have seriously affected the normal operation of the dam. The seismic 
safety of these dams has received widespread concern and attention. 
And it is necessary to study the seismic failure characteristics and anti- 
seismic measures of CFRDs. 

Dam materials are treated as discrete particles in the micro-scale; 

however, at the macro-scale, dam materials are usually treated as a 
continuum. Based on the finite element method(FEM) and other con
tinuum mechanics methods, researchers have put forward many 
constitutive models to reflect the nonlinear, elastic–plastic, dilatancy 
and anisotropy of macroscopic mechanical properties (Liu et al., 2014a, 
2014b, 2018; Ning et al., 2020; Saberi et al., 2019; Xiao et al., 2016), all 
of which have been widely used in practical engineering problems (Chen 
et al., 2018a; Kong et al., 2016; Liu et al., 2020; Qu et al., 2021; Yu et al., 
2021, 2022; Zou et al., 2013). These methods can help analyze the 
macroscopic seismic response characteristics of concrete faced rockfill 
dams (CFRDs), and are commonly used for dynamic analysis of CFRDs 
under medium and low earthquakes. However, in the case of strong 
earthquakes, large deformations and severe, discontinuous local damage 
(e.g. looseness, slipping and rolling of rockfill materials) can occur in the 
CFRD. It is difficult for the traditional, continuum mechanics based FEM 
to accurately and efficiently reproduce such failure process. 

The CFRD is a multi-scale structure composed of granular materials. 
The dynamic failure of the dam is therefore also multi-scale, with me
chanical events occurring from the microscopic particle scale to the 
macroscopic site scale. The discrete element method (DEM), which 
based on discontinuous mechanics, is well known as an effective method 
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to study the mechanical behavior of granular materials at the micro- 
scale and has been widely used in geotechnical engineering (Zhao 
et al., 2018; Liu, 2021). However, in CFRD research, the DEM is so far 
primarily used to study the material properties of rockfill materials (Kh 
et al., 2011; Ma et al.,2019; Zhou et al., 2018,2020;), and there are few 
studies related to the use of DEM for structural analysis and engineering. 
Deluzarche and Cambou (2006) carried out a two-dimensional static 
analysis of a 20 m-high CFRD to investigate the influence of particle 
breakage on dam deformation while the dam is being constructed. Sil
vani et al.(2008) studied the causes of rockfill settlement during initial 
water storage. Their study considered the influence of buoyancy force 
and friction between particles but did not analyze the whole dam. Liu 
and Yang (2009) simulated the shaking table test of an earth-rock dam 
using a two-dimensional particle flow method and analyzed the influ
ence of particle bond strength and seismic peak acceleration on the 
dynamic characteristics of the dam. Tran et al. (2009) carried out static 
analysis of a 20 m high two-dimensional dam, and analyzed the influ
ence of rock aging on the dam during service operation. Liu et al.(2010) 
discretized a two-dimensional 10 m high rockfill dam into 9000 circular 
particles and studied the particle breakage characteristics of the dam 
during filling and impoundment using two-dimensional Particle Flow 
Code(PFC2D). 

At present, there is limited research and application of DEM in earth- 
rock dam engineering. Meanwhile, there are some limitations of the 
research. First, circular particles cannot accurately describe the influ
ence of the particle shape. Secondly, the limited number of particles 
leads to gradation distortion. Thirdly, the dam height in simulation does 
not exceed 20 m, which cannot reflect the characteristics of higher dams. 
Finally, the research is mainly concentrated in the construction period, 
with minimal focus on seismic damage. 

A principal obstacle to adoption of DEM for seismic analysis is the 
computational efficiency. DEM is inefficient in dealing with large scale 
boundary value problems. Even though computing power is developing 
rapidly, it is impossible to discretize the entire macro domain of the 
CFRD as particle aggregation for numerical simulation. 

Multi-scale methods can take full advantage of continuum mechanics 
and discrete element method, and can alleviate or even avoid their 
shortcomings. FEM-DEM coupling is a multi-scale method commonly 
used in geotechnical engineering, such as for slopes, underground 
structures, retaining walls and pile foundations (Powrie et al., 2002; 
Saiang, 2010; Song et al., 2019; Tu et al., 2017; Zhao et al., 2018). 
However, there has been limited research in the application of DEM- 
FEM towards CFRD mainly because of the large scale of engineering, 
complexity in geological structure, multiple influencing factors and 
heavy computational burden. At present, a large portion of the coupling 
analysis often requires multiple software (such as PFC-FLAC), resulting 
in large functional limitations and low efficiency, which is difficult to 
overcome in complex static and dynamic analysis requirements of CFRD. 
Therefore, the development of efficient DEM-FEM coupling analysis 
method and software, and the multi-scale analysis of the seismic 
response of CFRDs will be helpful towards better understanding their 
seismic failure mode and how damage evolves in the dam. 

In this paper, an independent, two-dimensional polygonal DEM 
analysis program under the same solving framework is first developed, 
and integrated to the FEM software GEODYNA (Zou and Kong, 2003), 
and then the DEM-FEM interface coupling failure analysis of a CFRD 
considering dam-foundation interaction under strong earthquake is 
carried out. A boned model is proposed to describe the deformation 
characters of face slab and anti-seismic measure. The failure mode of 
dam crest zone and the effect of anti-seismic measures is studied and 
quantified. The research provides theoretical and technical support for 
safety evaluation and seismic design of high CFRDs. 

2. Theory introduction 

2.1. Discrete element method 

The discrete element method was proposed by Cundall and Strack 
(1979) to study rock slopes with joint fissures. The method is based on 
discontinuous medium mechanics, which can describe the structure and 
motion of granular material. In DEM analysis, the computational 
domain is firstly divided into a series of discrete rigid particles, which 
can be translated, rotated and separated from each other. In the calcu
lation, the contact force is firstly calculated according to the embedding 
quantity between the particles, and then the motion state of the particles 
is updated. The explicit method is used to solve the equations of motion. 
The main formulas are shown in the appendix A and the detailed 
introduction to DEM can be fined in literature(Luding,2006) and refer
ences therein. 

In this paper, the normal penetration procedure is used for the 
calculation of normal force, which may lead to non-conservative results 
if penetration comes in one side and exits from another. In the simula
tion, the overlap is very small and the penetration can be avoided by 
adjusting the contact stiffness and time step. Generally, when particles 
penetrate each other, there will be a large contact force (acceleration) 
that causes the system to gradually diverge from there. The parameters 
can be adjusted in time by monitoring certain physical indexes (such as 
the energy of the system, maximum acceleration, maximum overlap/ 
radius) to avoid the penetration. 

2.2. a developed continuum deformation simulation method 

The discrete element particles are rigid bodies, which cannot 
describe the deformation characteristics of continuous bodies like face 
slabs, cut-off walls, wave walls and slope protection structures. These 
deformation characteristics can significantly affect the dam response. 
For example, the separation between the face slab and rockfill will be 
overestimated by not considering the deformation of the concrete face 
slab. Also, the effect of reinforcement will be overestimated by not 
considering the deformation of slope protection structure. Therefore, 
this paper proposes a bond model between polygonal particles to 
describe the continuum deformation. 

As shown in Fig. 1, a series of springs are set between the two 
opposing edges of particles a and b. The length of the edge on each 
particle is D and the distance between the particle barycentre is L. When 
the two particles move, the normal and tangential displacements of 
spring i are. 

Δli,n = Δli⋅ni (1)  

Δli,s = Δli⋅si (2) 

where Δli is the relative displacement of the two nodes of the spring i, 
Δli,x and Δli,y are the normal and tangential relative displacement 
components of the nodes of spring i, respectively. The relative velocity 
Δvi of the two nodes of the spring i is. 

Δln

Δls

Δli

L

D

d1 d2 di dn

a

b

ri,a

b'
Δli

ni
si

Fig. 1. The bond model.  
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Δvi = va − vb +ωa × ra,i +ωa × rb,ia (3)  

Δvi,n = Δvi⋅niΔvi,s = Δvi⋅si (4) 

where va and vb are the translational velocities of the barycentre of 
particles a and b, respectively, ωa and ωb are the rotational velocities of 
particles a and b relative to the spring nodes, respectively, Δri,a and Δri,b 
are the radius vectors from the barycentre of particles a and b to the 
spring nodes, respectively, and Δvi,n and Δvi,s are the normal and 
tangential components of the relative velocities of the two nodes in 
spring i, respectively. The internal force of spring i is. 

Fi,n = knΔli,n
/

L − γnΔvi,n (5)  

Fi,s = ksΔli,s
/

L − γsΔvi,s (6) 

where Fi,n and Fi,s are the normal and tangential stresses of spring i, kn 
and ks are the normal and tangential stiffness of spring i, and γn and γs are 
the normal and tangential damping coefficients of spring i, respectively. 
The force and moment of particle a is. 

Fa =
∑

i
di
(
Fi,nni + Fi,ssi

)
(7)  

Ma =
∑n

i=1
di
⃦
⃦ri,a

⃦
⃦
(
Fi,nni + Fi,ssi

)
⋅ti,a (8) 

where Fa and Ma are respectively the force and moment of particles a, 
di is the characteristic width of spring i,D =

∑n
i=1di, and ti,a is the unit 

vector of ri,a after rotating 90 degrees counter-clockwise. The force on 
particle b is equal to Fa, but it acts in the opposite direction, and the 
moment is. 

Mb =
∑n

i=1
di
⃦
⃦ri,b

⃦
⃦
(
− Fi,nni − Fi,ssi

)
⋅ti,b (9)  

2.3. DEM-FEM interface coupling method 

In the interface coupling analysis using DEM and FEM, force 
boundary conditions are adopted. Elements from conventional FEM 
serves as a wall against DEM-based elements, and are in contact with the 
particles. The contact force is computed by the particle–wall contact 
type in the DEM analysis, and is then applied to both the DEM-based 
particles and FEM-based elements. 

For a quadrilateral element, the shape function of the sides is linear, 
as shown in Fig. 2, where. 

Ni =
l
L
,Nj = 1 −

l
L

(10) 

and L=|xi − xj| is the edge length of the element, l is the distance 
from a point on the edge of the finite element element to the node. The 
midpoint of the contact line is Point A and the overlap is δ. The normal 
and shear directions n and s are. 

s =
xj − xi⃒
⃒xj − xi

⃒
⃒
,n =

(
sy, − sx

)
(11) 

The velocity at Point A is. 

va = Nivi +Njvj (12) 

Thus, the normal and tangential contact forces nFn and sFs can be 
obtained according to the particle–wall contact mode in DEM. In the 
FEM domain, the contact forces need to be converted into nodal force, 

Fi = − Ni(nFn + sFs)Fj = − Nj(nFn + sFs) (13) 

where Fi and Fj are the contact forces on nodes i and j of the FEM 
element. 

The side to side contact between FEM-FEM is shown as Fig. 2(b), 
which involves more than one finite elements. Comparing with DEM 
corner to a single side of the FEM interaction as shown in Fig. 2(a), the 
difference lays in the conversion from contact forces into nodal force for 
FEM analysis. Uniform pressure q can be obtained through the contact 
force and contact length, as shown in Fig. 2(b), Then, the nodal force can 
be calculated as follow. 

Fi = Nibjq,Ni =
0.5bj

ij
(14)  

Fj = Njbjq+ 0.5jkq,Nj =
1 − 0.5bj

ij
(15)  

Fk = 0.5jkq+Nkkcq,Nk =
1 − 0.5kc

kl
(16)  

Fl = Nlkcq,Nl =
0.5kc

kl
(17) 

This is a simple way to distribute the contact force in DEM-FEM 
coupling method, which may violate the rotational equilibrium if the 
centroid penetrate particles or elements. However, as the statement at 
Section 2.1, the particle–particle and particle-finite element overlap can 
be made very small by adjusting the contact stiffness and time step. 
Generally, the centroid will not penetrate particles or elements, so the 
correctness of the contact force distribution can be guaranteed. Due to 

(a) corner to single side contact

(b) side to sides contact
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Fig. 2. The interface coupling between FEM and DEM.  
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Fig. 3. Flowchart for performing coupled analysis.  
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the large scale of the CFRD project and the heavy computational burden, 
the simple method is adopted to improve computational efficiency. 

The DEM are integrated to the FEM software GEODYNA (Zou and 
Kong, 2003), which has been widely used to the static and dynamic 
analysis of rockfill dam (Chen et al., 2018a; Kong et al., 2016; Qu et al., 
2019,2021; Yu et al., 2021, 2022; Zou et al., 2013). The process for 
performing coupling analysis is shown in Fig. 3. The information from 
the FEM domain is firstly transmitted to DEM as boundary conditions; 
meanwhile, initialization operations such as space application are car
ried out. During each time step, the motion state of coupling boundary is 
updated, then the DEM domain is analysed and the nodal force at the 
coupling boundary is obtained and returned to the FEM domain. The 
nodal force is superimposed on the external load vector, and then the 
FEM domain is solved. This program adopts an object-oriented design 
method for DEM-FEM coupling and can achieve flexible multi-region 
coupling analysis by setting up an appropriate number of class objects. 

2.4. Non-uniform seismic wave input method 

The energy of dam-valley-foundation system is open (Xu et al., 
2018). The external scattered energy will radiate to the infinite foun
dation, resulting in the difference in the dynamic response at each point 
of the dam boundary. The interactions between the valley, foundation 
and dam should be considered. In addition, with the increase in dam 
height, the effect of seismic wave characteristics on the seismic response 
of the CFRD can be significant. The results from Kong et al.,(2019) 
indicated that the traditional vibration analysis method overestimated 
the dynamic response of high rockfill dam 10 %-50 %. Therefore, the 
non-uniform seismic wave input method is necessary to investigate the 
seismic response of the CFRD. The non-uniform seismic wave input 
method is realized using a viscous-spring artificial boundary and 
equivalent nodal loads (Liu et al., 2006). 

3. Method and Procedure Verification 

3.1. Single particle example 

Fig. 4(a) illustrates two identical particles C1 and C2 that are 0.2 m 
apart. The particle C1 moves toward particle C2 at a velocity of 0.1 m/s, 
and the gravity and damping are not considered in the analysis. Fig. 4(b) 

is the displacement and velocity history of the two particles. At 2.0 s, the 
particles collide and exchange velocity. Particle C2 moves to the right at 
the velocity of 0.1 m/s, and makes contact with the wall at 7.0 s 
whereupon the direction of the velocity is reversed. The results are 
consistent with the theoretical analysis. 

3.2. Biaxial compression test of coarse aggregate 

Jiang et al. (2008) conducted a two-dimensional compression test on 
granular soil. The material is granite, and cut into irregular polygonal 
prisms with a height of 40 mm. The cross-section shapes are mostly 4- 
sided, with a small number of triangles and pentagons. Granular soils 
are modelled as aggregates of these polygonal prismatic particles, as 
shown in Fig. 5(a), and have a sample size of 300 ~ 600 mm. During the 
test, the vertical and lateral compressions were carried out with a certain 
pressure before keeping the lateral pressure constant. The vertical 
pressure was slowly applied until the sample was destroyed. The test 
conducted three confining pressures of 200 kPa, 400 kPa and 600 kPa. 
The polygon DEM model is shown in Fig. 5(b). In the model, the normal 

(a) model   (b) movement process

C1 C2

v0=0.1 m/s

0.2 m 0.5 m0.5 m
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0.5 C1

C2

u
/m
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v
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Fig. 4. Simple impact of two particles.  

(a) Experiment (Jiang et al., 2008) (b) DEM model
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Fig. 5. The biaxial test of coarse-grained soil.  
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and tangential contact stiffnesses between particles are each 2.2 ×
108N/m, and the friction coefficient is 0.5. The normal stiffness of the 
contact between particles and walls is 3 × 108N/m, and the friction 
coefficient is 0. 

Fig. 6 shows the axial strain εa and the deviatoric stress(σ1 − σ3) 
obtained from testing (Jiang et al., 2008) and simulation. The simulated 
results are in good agreement with the experimental results (Jiang et al., 
2008). The deviatoric stress(σ1 − σ3) increases with the increase of 
confining pressure, and exhibits softening characteristics after reaching 
the peak stress. This example verifies the polygonal DEM program 
developed in this paper. 

3.3. Continuum deformation simulation 

Fig. 7 shows a 20 m long and 1 m high cantilever beam. The particles 
in the beam are connected by the proposed bond model with 10 springs. 
The normal modulus kn of the bond model is 100 MPa and the tangential 
modulus is 40 MPa. A vertical constant load of 2.57kN is applied to the 
centroid of the top particles. After the system is stabilized, the simulated 
deflection curve and the material mechanics solution are obtained, and 
as shown in Fig. 8, the results are in good agreement. The differences 
between the results come from the number of discrete particles and the 
number of spring set. This example demonstrates the correctness of the 
bond model developed in this paper. 

3.4. Program verification 

As shown in Fig. 9, a numerical simulation of the impact of rigid 
particles on an infinite prismatic bar (Fakhimi and Coetzee, 2009) is 
carried out. The rigid particles are simulated by DEM and the prismatic 
bar is simulated by FEM. The mass of the particles is 0.0104π kg and 
each have an initial horizontal velocity v0 of 10 m/s. For the prismatic 
bar, the physical parameters are as follows: sectional area of 0.0004 m2, 
density of 7800 kg/m3, elastic modulus of 210GPa, and Poisson’s ratio of 
0. The normal contact stiffness and tangential contact stiffness are 2 ×
107N/m and 1 × 107N/m, respectively. 

Assuming that the particles are non-eccentrically impacted on the 
bar, the prismatic bar deforms only in the axial direction. The 
displacement of the left end of the bar is u1 and the displacement particle 
centroid is u2 during the impact process, respectively. The one- 
dimensional wave equation in the bar is. 

∂2u
∂t2 = c2∂2u

∂x2 (18) 

where u is the displacement, t is the time, and c =
̅̅̅̅̅̅̅̅
E/ρ

√
is the lon

gitudinal wave velocity of the bar. The general solution of the wave 
equation is. 

u = f (x − ct) (19) 

The velocity at the left end is. 

u̇1 =
F

ρAc
(20) 

where F is the contact force, and A is the sectional area of the bar. 
Due to the conservation of linear momentum, the velocity of the rigid 
particle after impact is. 

u̇2 = v0 −
1
m

∫ t

0
Fdt (21) 

The overlapping rate of particles and bar during the time period of 
contact is. 

Fig. 6. The relationship between strain and deviatoric stress as obtained from a biaxial test.  
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Fig. 7. The model of cantilever beam.  
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α̇ = u̇2 − u̇1 = v0 −
1
m

∫ t

0
Fdt −

F
ρAc

(22) 

Assuming that the normal contact stiffness of the particles with the 
bar is kn, then. 

Ḟ
kn

= α̇ = v0 −
1
m

∫ t

0
Fdt −

F
ρAc

(23) 

During the impact, the contact force F at t = 0 is 0, and the solution 
(Goldsmith, 2001) of the above equation is. 

F(t) = βe− qtsin(ωt) (24) 

The history of contact force during the impact is shown in Fig. 10. 
The simulation results in this paper are in good agreement with the 
theoretical solution. The velocity of particles during the impact is shown 
in Fig. 11, which shows a good agreement of the results of this paper 

with the theoretical results. According to equation (20), the velocity 
after impact is − 9.245 m/s, and the simulated result of this paper is −
9.2448 m/s (i.e. 0.002 % difference between simulation and analytical 
theory). 

4. Seismic damage analysis of CFRD 

4.1. DEM-FEM coupling model 

A two-dimensional CFRD with a height of 100 m is used for analysis. 
The geometric parameters of the dam are shown in Fig. 12. The up
stream slope and downstream slope of the dam are 1:1.4 and 1:1.65 
respectively, and the width of the dam crest is 13 m. An U-shaped wave 
wall is set on the dam crest. The water depth is 96 m. The bedrock and 
dam are modeled by FEM and DEM respectively, and the interaction 
between dam and bedrock is simulated by the proposed DEM-FEM 
interface coupling method. 

The large scale of the CFRD means that an excessive number of 
particles will be generated if the model follows the actual gradation 
curve. Therefore, while still following the gradation curve, particles 
below a certain size are discarded and their mass is evenly distributed to 
other particle groups. According to the enlarged gradation curve shown 
in Fig. 13, irregular polygonal particles with the number of edges be
tween 4 and 8 are generated with sizes ranging between 150 mm and 
2150 mm. The gradation curve for simulation is shown in Fig. 13, which 
is mostly consistent with the target curve. Compared with the main 
rockfill zone of the dam, the particle size range of the cushion zone is 
relatively narrow with a maximum particle size of 240 mm. There are a 
total of 158,000 polygonal particles in the model. 

The face slab is discretized into rectangular particles with a length of 
2 m as measured along the slope direction. The proposed bond model (i. 

Fig. 10. The contact force of FEM bar.  

Fig. 11. The velocity of DEM particle.  

Fig. 12. The geometrical model of the CFRD.  

1000 100 10 1 0.1
0

20

40

60

80

100

le
ss

 th
an

 d
/%

d /mm

actural
amplifying
DEM
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e. with 10 springs) is used to connect the particles along the slope di
rection. The wave wall experiences large displacements and small de
formations during the earthquake, and can be simulated by rigid blocks. 
However, the program does not support such a complex particle shape; 
therefore, the wave wall is discretized into seven polygonal particles and 
connected to the 10 spring bond model. The final DEM-FEM coupling 
model is shown in Fig. 14. 

The gravity and water pressure are considerd to generate the initial 
contact forces between particles before earthquake. The concrete face 
slab has good impermeability and the downstream water level of CFRD 
is very shallow (Chen et al., 2018a; Wen and Li, 2020), therefore, the 
phreatic surface within CFRD drops rapidly after face slab. The effect of 
liquid phase and buoyancy in rockfill is limited and is not included in the 
study. 

4.2. Input ground motion 

The non-uniform seismic wave input method as introduced in above 
is applied to describe the interaction between the dam and the foun
dation. The input ground motion is a simulated seismic wave based on 
the response spectrum obtained from the earthquake risk analysis of a 
CFRD. In the Wenchuan earthquake, the peak acceleration acting on the 
Zipingpu CFRD exceeded 0.5 g. Therefore, the peak ground accelera
tions (PGA) in the horizontal direction (along the river) and axial di
rection (perpendicular to the river) are 0.6 g, and the vertical PGA is 0.4 
g. The acceleration time history and response spectrum of the seismic 
wave are shown in Fig. 15. The selected duration of seismic wave is 
16.00 s. 

4.3. Calibration of microscopic parameters 

The accuracy of the microscopic parameter in the DEM simulation 

(a) Whole model

DEM-FEM
interface coupling10

0m

Detail of dam 
crest zone 

10
0m

bond model wave wall

rockfill20
m

(b) Details of dam crest zone composition

Fig. 14. The coupled DEM-FEM model of CFRD.  
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Fig. 15. The input groundmotion.  
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determines whether the materials are modeled properly. Therefore, 
many researchers have studied the relationship between meso-parame
ters and macro-mechanical properties of geomaterials (Coetzee, 2017; 
Marigo and Stitt, 2015). However, there is no mature or recognized 
calibration method for determining the meso-parameters of DEM. At 
present, two kinds of methods are commonly used. One method is to 
directly measure the particle contact parameters at the mesoscopic level, 
and the other is to measure the macroscopic mechanical properties of 
particle aggregates, and then iteratively adjust the mesoscopic param
eters until the simulated result is consistent with the macroscopic 
properties. At present, the second method is commonly used in 
geotechnical engineering. The macroscopic mechanical properties of 
geotechnical materials are measured by tests, and then the curve is 
identified by iteratively adjusting the mesoscopic parameters (Wang 
et al., 2007; Itasca, 2008). 

For rockfill, laboratory triaxial tests are the most widely used method 
to obtain the macroscopic mechanical properties. Therefore, the triaxial 
test results can be used to calibrate the mesoscopic parameters for three- 
dimensional DEM analysis, but it is not applicable for two-dimensional 
analysis. Rockfill is a granular material; therefore, its mechanical 
properties are affected by confining pressure in three directions. The 
stress state of rockfill in triaxial test does not correspond to the two- 
dimensional DEM analysis. Currently, 2D DEM analyses in geotech
nical engineering are mostly used in the numerical experimentation of 
material, and the focus is on the influence of mesoscopic parameters (e. 
g. particle size, particle shape, particle breakage, size composition, and 
so on) on macroscopic mechanical property (Alaei and Mahboubi,2012; 
Gong et al., 2019; Manso et al., 2018; Nie et al.,2019; Zhang et al., 2020; 
Zhou and Song, 2016). These studies mainly investigate the influence of 
the changes in mesoscopic parameters on macroscopic characteristics. 
The theoretical parameters of regular particles or typical parameters can 
meet the requirements for conducting research. Therefore, it is not 
necessary to calibrate the mesoscopic parameters for rockfill of a prac
tical CFRD project. 

4.3.1. Rockfill microscopic parameters 
The purpose of this paper is to study the dynamic response of con

crete face dams. The rockfill in two-dimensional simulations can expe
rience plane strain. At the same time, the cross section of CFRDs are 
closer to the plane strain state. However, most laboratory tests of rockfill 
materials are currently triaxial tests. Such tests cannot be used to 

calibrate the meso-parameters for two-dimensional DEM. 
The generalized plastic model of rockfill has been widely used in the 

static and dynamic analysis of rockfill dams, and the seismic damage of 
Zipingpu CFRD in Wenchuan earthquake has been well studied in 
literature and researchers have verified the ability of the model to 
describe the static and dynamic characteristics of rockfill. At the same 
time, the model parameters can be determined by fitting against data 
from conventional triaxial tests (Pastor et al.,1990; Zienkiewicz et al., 
1998; Xu et al., 2012). Therefore, this paper calibrates the meso-pa
rameters by means of the generalized plastic model of rockfill. The 
specific steps are: 

(1) The generalized plastic model parameters are calibrated accord
ing to the large triaxial rockfill test results;  

(2) The biaxial compression test is simulated via FEM and the 
generalized plastic model under the two-dimensional plane strain 
state; 

Table 1 
Generalized plastic model parameters of rockfill.  

zone G0 K0 Mg Mf αf αg H0 HU0 ms 

rockfill 965 1288 1.68 1.3 0.10 − 0.4 550 1100  0.23 
cushion layer 1021 1362 1.7 1.53 0.11 0.11 650 1300  0.44 
zone mv ml mu rd γDM γu β0 β1  

rockfill 0.44 0.5 0.5 110 50 5 30 0.025  
cushion layer 0.23 0.45 0.45 110 50 5 20 0.02   

Fig. 16. The resultes of biaxial compression test simulation.  

Fig. 17. The biaxial compression test model of DEM simulation.  

Y. Qu et al.                                                                                                                                                                                                                                       



Computers and Geotechnics 151 (2022) 104950

9

(3) Two-dimensional DEM is used to simulate the biaxial compres
sion test, and the results of step 2) are used to calibrate the meso- 
parameters;  

(4) DEM and FEM are used to simulate the response of the dam to 
verify the calibration parameters. 

Based on the results obtained from the large-scale triaxial test, the 
parameters of the generalized plastic model for the rockfill and the 
cushion are calibrated, as listed in Table 1. Then the biaxial compression 
test under the plane strain state is simulated. The simulated confining 
pressures include 400 kPa, 700 kPa, and 1000 kPa. The simulation re
sults are shown in Fig. 16. A DEM analysis model with a portion of the 
CFRD(Fig. 14) taken out as a biaxial test is used, as shown in Fig. 17. In 
the simulation, confining pressure is first applied in the vertical and 
horizontal directions, and deviatoric stress is applied after stabilization. 
The simulation results are shown in Fig. 16, and the corresponding meso- 
contact parameters are listed in Table 2. 

4.3.2. Micro-parameters of contact between panel and cushion 
The mechanical properties of the soil-structure interface are mainly 

related to the normal stress, which is similar to the state of the two- 
dimensional DEM analysis. Therefore, the mesoparameters of the 
interface between the face slab and the cushion are calibrated by the 
direct shear test of the interface. Zhang and Zhang (2008) carried out a 
direct shear test on the face slab and cushion material of the Zipingpu 

CFRD, and the results are shown in Fig. 18. 
The cushion zone of the face rockfill dam is used as the DEM analysis 

model, as shown in Fig. 19. The normal stresses include 100 kPa, 600 
kPa and 1000 kPa, respectively. The left and right sides are constrained. 
The normal stresses are applied on the top of the model and horizontal 
displacement is applied at the bottom panel after stabilization. The 
simulated shear stress and shear displacement are shown in Fig. 18, 
which are in good agreement with the experimental results, The meso
parameters of the interface between the face slab and the cushion are 
listed in Table 3. 

4.3.3. Parameter verification 
In order to verify the mesoparameters, an FEM analysis based on the 

generalized plastic model and a DEM analysis of the seismic response of 
the two-dimensional CFRD are carried out. The emphsis lay on this 
scetion is to verify the mesoparameters, therefore, the moderate earth
quake excitation is adopted and the PGAs along the river and in vertical 
direction are adjusted to 0.3 g and 0.2 g, respectively. The model shown 
in Fig. 15 (excluding the wave wall and foudation) is used for DEM 
analysis. The geometry and size of the finite element model is the same 
as that of the DEM analysis model. 

The earthquake-induced residual deformations of the dam computed 
through FEM are shown in Fig. 20, which shows that the maximum 
longitudinal and vertical displacements are 0.65 m and 0.33 m, 
respectively. The results computed through DEM are shown in Fig. 21, 
which shows that the maximum along-river and vertical displacements 
are 0.55 m and 0.28 m, respectively. The results obtained from DEM 
agree well with those obtained from FEM, which demonstrates it is 
feasible to analyze the seismic response of a CFRD by using calibrated 
microparameters. 

4.4. Seismic failure analysis of CFRD 

In this section, the seismic failure analysis of the CFRD is carried out 
using DEM. The contact parameters of rockfill and cushion are listed in 
Table 2, and the contact parameters between cushion and slabs are listed 
in Table 3. The bond model of face slab and wall is assumed to follow 
concrete behavior with kn = 31.0GPa and ks = 13.28 GPa. 

4.4.1. Dam deformation 
The residual deformations of the dam body are shown in Fig. 22. The 

results indicate that the initial failure of the CFRD under the earthquake 
occurs in the top zone (i.e. the crest of the dam and the upper part of the 
downstream slope). The deformation vectors of the top zone are shown 
in Fig. 22(c). 

There is pronounced slipping towards the downstream direction 
from the top zone, and the vectors generally follow a circular arc or an 
elliptical arc. Meanwhile, there are large displacement vectors parallel 
to the slope at the downstream slope, indicating that some rocks may roll 
on the downstream slope during a strong earthquake. 

In order to study the seismic failure process and failure mode of the 
top zone, the deformations at several moments are plotted in Fig. 23. 
The displacement time history at the middle of the dam crest and at the 
top of the downstream slope are shown in Fig. 24. During the earth
quake, failure initiated at the top zone and lead to the following failure 
mode:  

1) Loosening, slipping,and even rolling of shallow rockfill in the upper 
part of the downstream slope and settlement of the dam crest, but no 
obvious slip surface; 

Table 2 
The contact parameters of rockfill for DEM analysis.  

zone ρ (kg/m3) kn (N/m) ks (N/m) ϕ(◦) c (N) 

rockfill 2700 2.7 × 108 2.0 × 108  51.6 0 
cushion layer 2700 6.0 × 108 3.0 × 108  51.6 0  

0 5 10 15 20 25 30 35
0

200

400

600

800

1000

τ
aPk/

u /mm

σn
 1000kPa       simulation
 600kPa 
 100kPa

Fig. 18. The relationship between shear stress and displacement(Zhang and 
Zhang, 2008). 

σn

uface slab

Fig. 19. The DEM model of direct shear test of interface.  

Table 3 
Contact parameters between cushion and slab.  

ρ (kg/m3) kn (N/m) ks (N/m) ϕ(◦) c (N) 

2700 1 × 109 8 × 108  48.7 2000  
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2) Separation between concrete face slab and the rockfill, downstream 
slipping of the wave wall, and separation between the wave wall and 
the concrete face slab. 

After the earthquake, the settlement at the top of the dam is 0.41 m, 
the horizontal displacement at the middle of dam crest is 0.64 m, and the 
maxium horizontal displacement of the dam is 1.08 m at the top of 
downstream slope. 

In the Wenchuan earthquake, the failure of the crest and the upper 
part of the downstream slope of the Zipingpu CFRD (Kong, 2015; Zhang 
et al.,2015) includes settlement, loosening, rock rolling (as shown in 
Fig. 25), and the seperation between the wave wall and the concrete face 

slab. The seismic failure mode of the CFRD during a shaking table test is 
shown in Fig. 26. These results from field investigation and laboratory 
tests verify the simulation results in this paper. The DEM-FEM coupling 
analysis in this paper intuitively reproduces the initial failure mode and 
damage evolution of the CFRD during earthquake excitation. 

4.4.2. Wave wall displacement 
The displacement history of the wave wall under earthquake is 

shown in Fig. 27. The upstream slope of the dam is protected by the 
concrete face slab. Thus, the deformation of the upstream side is smaller 
than that of the downstream side. The wave wall is located on the 
rockfill, and its settlement is detemined by the deformation of the dam. 

(a) horizontal direction                   (b) vertical direction

0.10
0.20
0.30
0.40
0.50
0.65

-0.50
-0.10
-0.15
-0.20
-0.25
-0.33

Fig. 20. Residual deformations after earthquake as computed via FEM(unit: m).  

(a) horizontal direction                   (b) vertical direction

0.10
0.20
0.30
0.40
0.50
0.55

-0.50
-0.10
-0.15
-0.20
-0.25
-0.28

Fig. 21. Residual deformations after earthquake as computed via DEM (unit: m).  

 

0.05
0.20
0.40
0.60
0.80
1.00

-0.05
-0.12
-0.19
-0.26
-0.33
-0.40

(a) horizontal displacement (unit: m)            (b) vertical displacement (unit: m)

(c) displacement vectors of the top zone

1.0m

Fig. 22. Post-earthquake residual deformations.  
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Therefore, the wave wall experiences differential settlement with a 
smaller upstream and larger downstream. The settlements of the up
stream side and downstream side of the wave wall after the earthqake 
are 0.26 m and 0.32 m, respectively, as shown in Fig. 27(a). The hori
zontal displacements of the wave wall are shown in Fig. 27(b). During 
the earthquake, the wall displaces horizontally towards the downstream 

direction, cumulating in a final displacement of 0.55 m. The horizontal 
displacement of the face slab is limited by the support of rockfill. 
Therefore, the gap between slab and wave wall gradually increases. The 
residual gap after the earthquake is 0.51 m, as shown in Fig. 27(c). 

(a) t = 0                                (b) t = 5.0

(c) t = 10.0                               (d) t = 17.0

(e) detail of dam crest zone (t = 17.0)

slope: loosening

wave wall: sliding

deformation 
increasing

slope: loosening, 
sliding, stone rolling

detail

settlement

separation: 
face slab-cushion
face slab-wave wall separation between wave 

wall and rockfill

wave wall: sliding, differential settlement 

Fig. 23. Deformation of middle-upper part of dam during an earthquake.  
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(a) horizontal displacement (b) vertical displacement

Fig. 24. History of deformation at the dam crest during an earthquake.  
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(a) general layout of the dam (Zhang et al.,2015) (b)the local damage(Kong, 2015)

settlement

loosening and 
rock rolling

downstream slope

dam crest

Fig. 25. Earthquake induced damage observed in the Zipingpu CFRD.  

(a) viewing angle: downstream               (b) viewing angle: upstream

downstream slope

loosening and 
rock rolling

settlement
separation between 
face slab and rockfill

face slab

settlement

Fig. 26. The seismic failure mode of CFRD during shaking table test (Kong, 2015).  
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Fig. 27. The response of the wave wall during the earthquake.  
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5. Effective analysis of anti-seismic measures 

5.1. anti-seismic measure of nailed protective surface 

According to the results of the previous section, the initial failure 
modes of the CFRD include loosening, slipping, and rolling of rocks from 
the rockfill and the shallow sliding of the dam slope at top zone. 
Therefore, the key towards implementing effective anti-seismic mea
sures is to reduce the deformation of the rockfill. Reinforcement 
anchorage can significantly improve the strength and stability of 
structures and has been widely used in foundation pits, railways, high
ways, retaining walls and hydraulic structures. The main materials used 

Fig. 28. Schematic diagram of strengthening dam slope using nailed protec
tive slab. 

(a) construction process (b) connection mode

anchoring

rebar

rockfill

protective slab

Fig. 29. Schematic diagram of nailed protective slab.  

10
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protective slab

rebar

bond model

20m

34m

Fig. 30. The coupled analysis model of CFRD with anti-seismic measure (dam crest zone).  
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for reinforcement anchorage include anchors, steel, geotextiles, geogrids 
and geocells. Based on failure mode and characteristics of the earth-rock 
dam as observed from a shaking table model test, Kong (2015) proposed 
anti-seismic measures of the body comprising of a nailed protective slab, 
as shown in Fig. 28. In the application, the protective slab consists of 
reinforcement fabric and spray cement mortar, and is set in the middle 
and upper part of the dam slope to limit the looseness and slippage of the 
rockfill. At the same time, the protective panel is anchored to the interior 
body by the reinforcement (Fig. 29) so that the protective slab and the 
rockfill become a whole, and the reinforcement becomes more effective. 

The nailed protective slab has been applied in Jilintai CFRD and as 

well as other earth-rock dams. However, the safety factor of the slope is 
currently evaluated based on the rigid limit equilibrium method(Dong 
and He, 2019; Zou et al., 2009), which separates the relationship be
tween dynamic response and the deformations of the sliding body. 
Therefore, this section uses DEM to verify and quantitatively evaluate 
the effect of nailed protective slabs for further engineering applications. 

5.2. Computational models and parameters 

Using the initial failure analysis results as a guide, a nailed protective 
slab is set to protect the downstream slope over the upper 2/3 dam 

sliding of slope

bulge of the 
protective slab

sliding and settlement of 
wave wall

Fig. 31. The deformation pattern of dam crest zone with anti-seismic measure.  
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Fig. 32. The residual deformation of dam with anti-seismic measure.  
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height (Fig. 30). The thickness of the slab is 10 cm, and is discretized as 
rectangular particles and connected by the bond model to simulate the 
deformation characteristics. Rebars are simulated by bar elements. The 
maximum length of the rebar is 20 m, and the vertical spacing is 2 m. 

The parameters of rebar are as follows: density is 7800 kg/m3, elastic 
modulus is 200 GPa, tensile strength is 400 MPa, area is 2.56 cm2. The 
parameters of the protective slab are as follows: density is 2400 kg/m3, 
elastic modulus is 550 MPa, Poisson’s ratio is 0.2. The protective slab is 
composed of sprayed cement mortar outside the reinforcement fabric, 
which is regarded as a flexible protective material. The failure charac
teristics of the fabric are not considered during the earthquake. In the 
simulation, the rebar is in an overlapping mesh with the discrete ele
ments, which can interact with each other, as shown in Fig. 30. 

5.3. Effect of anti-seismic measures 

5.3.1. Dam deformation 
The post-earthquake deformation of the dam crest area with anti- 

seismic measures is shown in Fig. 31. The deformation mode of dam 
body is the settlement of the dam crest, the slipping of the downstream 
slope, and the bulging of the protective slab. The wave wall slips 
downstream, resulting in the separation away from the face slab, but not 
from the rockfill. 

The deformations of the dam after earthquake excitation are shown 
in Fig. 32(a) and (b), and the time histories of the horizontal and vertical 
displacements of the downstream slope crest and dam crest are respec
tively shown in Fig. 32 (c) and (d). After adopting anti-seismic measures, 
the maximum horizontal displacement occurs in the middle and upper 
part of the downstream slope, which decreases from 1.08 m to 0.84 m (i. 
e. reduction of 22 %). The settlement in the middle of the dam crest 
decreased from 0.41 m to 0.23 m (i.e. reduction of 44 %), and the 
displacement along the river in the middle of the dam crest decreased 
from 0.64 m to 0.37 m (i.e. reduction of 42 %). The displacement along 
the river at the top of the downstream slope decreased from 1.08 m to 
0.55 m (i.e. reduction of 49 %). 

5.3.2. Wave wall displacement 
The displacement history of the wave wall during the earthquake is 

shown in Fig. 33. The residual deformations of the dam decreased after 
implementing anti-seismic measures. Thus, the seismic response of the 
wave wall is weakened and as a result, there is almost no differential 
settlement of the wave wall. 

The displacement of the wave walls before and after seismic mea
sures is summarized in Table 4. After implementing seismic measures, 
the settlement of the upstream side is reduced from 0.26 m to 0.19 m (i. 
e. 27 % reduction); the settlement of downstream side is reduced from 
0.32 m to 0.20 m, (i.e. 38 % reduction); the horizontal displacement is 
reduced from 0.55 m to 0.33 m, (i.e. 40 % reduction); the gap with panel 
is reduced from 0.51 m to 0.30 m (i.e. 41 % reduction). The nailed 
protective slab effectively reduced the deformations of the dam and the 
displacements of the wave wall, thereby demonstrating good anti- 
seismic capabilities. 

6. Conclusion 

In this paper, a custom, polygonal DEM-FEM interface coupling 
multi-scale analysis program under the same solving framework is 
developed and firstly introduced to the failure analysis of high CFRD 
under strong earthquake. The initial failure characteristics is studied, 
and the effect of anti-seismic measures is quantified.  

(1) The polygonal DEM is applied to describe the strong-nonlinearity 
and discontinuous of dam. The particle shape and grading of 
cushion and rockfill are considered. The FEM and non-uniform 
seismic wave input method is combined to simulate the interac
tion between dam and foundation. A boned model is proposed to 
describe the deformation characteristics of face slab and anti- 
seismic measure. On this basis, a refined multi-scale analysis 
model of CFRD is established and applied to investigate the 
seismic failure characteristics. 
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Fig. 33. The displacement of wave wall with anti-seismic measure.  

Table 4 
The influence of anti-seismic measure on wave wall response.  

Case Settlement/m Horizontal 
displacement/m 

Separation 
between face slab 
and wave wall/m upstream downstream 

Without 
anti- 
seismic 
measure  

0.26  0.32  0.55  0.51 

With anti- 
seismic 
measure  

0.19  0.20  0.33  0.30  
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(2) Under earthquake excitation, the initial failure of CFRD occurs at 
the top zone of the dam (i.e. the dam crest and the upper part of 
the downstream slope). Failure characterized by the loosening, 
sliding and even rolling away of the shallow rockfill on the slope. 
Failure further presents as settlement of the dam crest, separation 
between the face slab and the rockfill, downstream sliding of the 
wave wall and the separation of the wave wall from the face slab. 
The analysis method intuitively reproduces the initial seismic 
failure mode and failure evolution of the CFRD.  

(3) The effect of the anti-seismic measures (i.e. nailed protective slab 
installed at the upper part of the downstream slope) for dam is 
verified and quantified. With the anti-seismic measures, the 
integrity of the top zone improved, resulting in substantial 
damage mitigation. The maximum displacement of the dam along 
the river occurred further downslope, and the displacement 
decreased by 35 %. At the same time, the vertical displacement in 
the middle of the dam crest decreased by 44 % and the settlement 
of the wave wall reduced by 27 %. The horizontal displacement 
also reduced by 40 % while the separation between the face slab 
and wave wall reduced by 41 %. The nailed slab greatly reduced 
dam deformation and the displacement of the wave wall, and can 
be used as an effective anti-seismic measure.  

(4) The proposed method can investigate the failure characteristics 
and quantify the effect of the anti-seismic measure. The method 
overcomes the limitations of traditional continuum analyses on 
the strong-nonlinearity, large deformation and discontinuous of 
strong earthquakes damage. It provides an effective way for 
further analysis of the break for rockfill dams, and can be applied 
to the seismic failure analyses of other geotechnical engineering. 
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Appendix A. . Discrete element method 

For two contacting particles i and j, as shown in Fig. 1, the contact force of particle i from particle j can be divided into normal force, tangential 
force and the torque. The calculation is described below. 

(1) Normal force. 
The simplest way to calculate the normal force is the linear contact model. With consideration to the degree of embedment and energy dissipation, 

the normal contact force fn is. 

fn = knδn − γnΔvn (A1) 

where kn is the contact stiffness, δn is the length of overlap, γn is the normal viscous damping coefficient and Δvn is the normal component of relative 
velocity of two particles. For circular or spherical particles, the contact point is on the connection line between the center of the circle or sphere; thus, 
the rotation does not cause normal relative velocity. 

Δvn =
(
vi − vj

)
⋅n (A2) 

where n is the normal direction of the contact force. However, for polygonal particles, the normal direction of the contact force is not necessarily 
line connecting the centroids of the particles but is rather defined as the vertical direction to the line of intersection points. The midpoint c of the 
connection line is the point of contact force. Therefore, the rotation will generate relative velocity in the normal direction. 

Δvn = Δvij⋅n (A3)  

Δvij = vi − vj +ωi × ai +ωj × aj (A4) 

where vi and vj are the translational velocity vectors at the barycenter of particles i and j, ωi and ωj are the rotational velocity vectors around the 
barycenter of particles i and j, ai and aj are the radius vectors from the barycenter of particles i and j to the contact point, and Δvij is the velocity vector 
of particles i relative to particles j. 

(2) Tangential force. 
The relative tangential velocity of contact point vs is. 

vs = vij − n
(
n⋅vij

)
(A5) 

Fig. A1. The contact of polygon element.  
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Since tangential force is related to motion state and loading history, it is appropriate to express it in incremental form, 

Δfs = ksΔus − γsΔvs = ksΔvsΔt − γsΔvs (A6)  

fs = f old
s + Δfs (A7) 

where ks is the tangential contact stiffness, Δus is the sliding increment, γs is the tangential viscous damping coefficient, and Δt is the time step, fold
s 

is the tangential contact force of the last time step. 
From the Mohr-Coulomb criterion, the maximum tangential force is. 

|fs|⩽c+ fn⋅tanφ (A8) 

where φ is the friction angle and c is the cohesive force. The cohesion is shear impedance rather than tensile impedance and is constant during 
simulation. 

(3) Rotation impedance. 
The rotational impedance is a paired couple acting on the particles preventing the rotation of the particles. The relative rotational velocity at the 

contact point is. 

Δvr = − ωi × ai +ωj × aj (A9) 

Rotational impedance torque increment is. 

ΔMr = krΔθr − γrΔvr = krΔvrΔt − γrΔvr 10)  

Mr = Mold
r +ΔMr 11) 

where kr is the anti-rotational stiffness, Δθr is the relative rotation angle increment, γr is the rotational viscous damping coefficient,f old
s is the 

rotational impedance torque of the last time step. 
Similar to the tangential contact force, assuming that the rotation also follows the Mohr-Coulomb criterion, the maximum rotational impedance 

torque is. 

|Mr|⩽ηfn 12) 

where η is anti-rotation coefficient and are in units of length. 
(4) Damping. 
In Rayleigh theory, the damping force contains both stiffness damping and mass damping. The stiffness damping is equivalent to the damper that 

prevents the particles from moving relative to each other when the particles are in contact, and its influence is reflected in the contact force and 
rotational impedance. The mass damping is considered as a series of viscous dampers acting on the barycenter of the particles, thereby reducing 
particle motion and dissipating the kinetic energy of the particles. The direction of the mass damping force is opposite to the direction of the velocity, 
and the magnitude is proportional to the mass and velocity. The translational and rotational mass damping forces are. 

Ci = − αmivi 13)  

qi = − αrIiθ̈i 14) 

where Ci is the translational damping force of particle i, α is the damping coefficient, mi is the mass of particle i, qi is the rotational damping 
moment of particle i, αr is the rotational damping coefficient, and Ii is the moment of inertia of particle i. 

The resultant force and moment of particle i are. 

Fi =
∑

j
(fnn + fss)+Ci +Fext

i 15)  

Mi =
∑

j
[ai × (fnn + fss) + Mr] + qi +Mext

i 16) 

where Fext
i is the external force on particle i and Mext

i is the external torque on particle i. 
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