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A B S T R A C T   

A fresh slope stability analysis method is proposed in this paper, with combining scaled boundary finite element 
method (SBFEM), strength reduction method (SRM) and polytree-based mesh refinement algorithm. Firstly, 
SBFEM and SRM (SBFEM-SRM) formulation are innovatively combined to conduct the slope stability analysis 
with a coarse analysis mesh. Secondly, a shear-strain-based refinement indicator is introduced to determine the 
elements that need to be refined, then multistage local mesh refinement can be implemented recursively on- 
demand via the independently developed polytree-based refinement algorithm. The accuracy and superiority 
of SBFEM-SRM are firstly verified using a simple slope example. The effectiveness and applicability of SBFEM- 
SRM combined with the polytree-based refinement algorithm is demonstrated by using two examples, 
including a multilayered nonhomogeneous soli slope and an actual test embankment. The advantages of different 
methods can be inherited in the presented method, wherein flexible polygonal elements can be solved directly, 
and making a strong adaptability for complex geometry equipped. Moreover, the computational burden would be 
alleviated efficiently without compromising accuracy, benefiting from local adaptive mesh refinement strategy. 
And inspired by this, the proposed method can be briefly extended to 3D slope stability analysis, wherein the 
application performance will be more significant.   

1. Introduction 

Slope is one of the most universal geotechnical structures serving for 
the economic and social development, and its application field involves 
many engineering practices, such as highway, dam, and open pit mine 
and so on. Therefore, as a pivotal infrastructure, the slope has increas
ingly attracted great attention of geotechnical researchers and has 
naturally become a popular research object in the geotechnical engi
neering field (e.g. Ke et al., 2019; Gao et al., 2020). With the continuous 
improvement of infrastructure technology and construction equipment, 
a growing number of slopes are put into production in more unpre
dictable circumstances and more complex working conditions. Under 
this circumstance, the stability of these slopes is closely related to the 
development of economy and society and the safety of people, so it 
becomes necessary and indispensable to carry out research on the sta
bility assessment of such slopes. 

For decades, much efforts have been made dedicating to the aim of 
predicting the slope stability extent and preventing the serious collapse 
consequence. These contributions can be categorized into three groups: 

limit equilibrium (LE) method, limit analysis (LA) method and finite 
element (FE) method. LE is a most widely applied approach because of 
its simplicity (Krahn 2003; Tang et al., 2017; Metya et al., 2021), yet its 
solution is considered to unprecise due to the idealized mechanical as
sumptions with the purpose of weakening the difficulty in solving so
lution, the inability of LE in predicting the evolution track of the failure 
zone shape of slope also limits its further pervasive application to a great 
extent in slope stability. In addition, LA has also played a progressively 
crucial role in slope stability design, it is capable of providing concise 
calculation process and determining rigorous bounds on the limit state 
solutions (Xu et al., 2018; Li and Yang 2018), and thus gains a extend 
range of applications in slope stability (Ausilio et al., 2000; Michalowski 
and Drescher 2009; Pang et al., 2020). However, there exists difficulty in 
establishing the upper or lower bound theorem formulation in terms of 
dealing with complex slope configurations and irregular soil deposit 
problems, this disadvantage imposes specific obstacles to its widespread 
application. Alternatively, FE has been considered a powerful and 
comprehensive avenue to handle slope stability evaluation due to its 
advantage over LE and LA. On the one hand, FE can be used to calculate 
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expected slope deformations and the growth of plastic zone without 
prior assumptions once a realistic stress–strain constitutive model is 
assigned to the soil material (Khosravi and Khabbazian 2012; Kim and 
Lee 1997; Griffiths and Lane 1999). Moreover, FE is highly qualified to 
deal with complex slope geometry and loading sequence encountered 
frequently in geotechnical structure (Kim and Lee 1997), which are 
tricky issues in the LE and LA approaches. More recently, slope stability 
analyses through FE have been substantially exploited, Kontoe et al. 
(2013) conducted the pseudo-static finite element analysis to accurately 
and time-saving simulate the in situ, stresses prior to seismic loading, the 
sensitivity of the pseudo-static analysis results to finite element mesh 
was also explored, thus successfully providing reference theoretical 
guidance for practical engineering. Gao et al. (2018) investigated the 
influences of reservoir water level drawdown on slope stability through 
a series of numerical simulations so as to extend FE to different hydro
logical and meteorological conditions. Summersgill et al. (2018) per
formed two-dimensional plane-strain finite-element analyses to 
simulate the excavation of a slope in a stiff clay and the interaction of 
vertical piles within the slope. Therefore, FE seems to be a more reliable 
and adaptable handling technique in modeling and evaluating the per
formance of slope. 

Generally, the classical slope stability analysis process mainly in
volves two simultaneous assignments: searching for the safety factor and 
tracking down the critical failure surface associated with the safety 
factor. However, FE is just a process analysis method but not a limit 
analysis method, it cannot give the specific definition and clear judge
ment criterion concerning the limit state of slope, and in this way 
yielding a reliable safety factor is difficult (Liu et al., 2015b). Alterna
tively, the strength reduction method (SRM), first introduced by Zien
kiewicz et al., (1975), has been given extensive concern from majority 
researchers and achieved long-term progress in the aspect of slope sta
bility analysis because of its feasibility and reliability in searching for the 
status on the verge of instability. Naturally, to realistically simulate the 
progressive instability process and finally determine the limit state of 
the slope, FE combined with strength reduction method (FE-SRM) 
become progressively prevailing over the past few decades, and large 
quantities of studies using FE-SRM approach have been dedicated to 
slope stability analysis. Sun et al. (2021) developed a nonlinear FE-SRM 
for analyzing the stability of uniform slopes with the general nonlinear 
failure criterion. Li et al. (2022) conducted FE-SRM to locate the critical 
slip surface and assessing the safety factor of crack slope. Kontoe et al. 
(2022) performed two-dimensional plane-strain hydro-mechanically 
coupled FE-SRM analyses to simulate the excavated slope by consid
ering both strain-softening and non-softening response of materials, the 
research theoretically revealed the interaction between soil and pile 
with important implications for design practice. FE-SRM can only access 
a unique safety factor of slope and rather precisely locate the corre
sponding critical failure zone without specifying its shape and location 
in advance, thus FE-SRM is regarded as a powerful tool for slope stability 
analysis. 

In two-dimensional(2D) problem, traditional FE is often discretized 
into simplex elements, viz., triangles/quadrilaterals. However, conver
gent rates of triangular elements in terms of many problems are unsat
isfactory (Chi et al., 2014). Meanwhile, quadrilateral elements could be 
very awkward when dealing with highly complex structures (Chau et al., 
2017). The polygonal element has been used as a substitution recently 
due to its flexibility in mesh generation and high quality in computa
tional result and convergence degree. In fact, the accuracy of the solu
tion obtained from the FE hinges largely on the mesh density. To 
improve the accuracy, one of the most efficient approaches is locally 
refine the mesh. The idea of multistage local mesh refinement is rarely 
applied to slope engineering, only Cramer et al., (1999) used quadtree 
concept to solve the ultimate bearing capacity problem of slope. How
ever, the mesh decomposition would lead to the presence of hanging 
nodes along the edge of elements, the constraint treatment technique for 
hanging nodes using FE by Cramer et al., (1999) usually requires a 

complex algorithm (Zander, 2016) and is difficult to be implemented in 
three-dimensional problem and meshes with unsymmetric and/or multi- 
level hanging nodes (Byfut, 2017). Recently, a flexible polytree-based 
mesh refinement algorithm has been preliminarily implemented which 
can achieve a local mesh refinement function through the idea of pol
ytree decomposition. By means of a refinement indicator, the polytree 
mesh refinement algorithm can automatically identify the location of 
elements that need to be refined. In recent years, thanks to its powerful 
capability in local mesh refinement, the application of polygonal finite 
elements into polytree mesh refinement algorithm has become increas
ingly popular (Chau et al., 2017; Nguyen et al., 2016; Nguyen et al., 
2019). In terms of handling hanging node problem, special techniques 
have been applied to developed, among which the scaled boundary 
element method (SBFEM) has gained much attention from researchers in 
the recent years (Ooi et al., 2012; Ooi et al., 2017; Pramoda et al., 2018). 

SBFEM is a numerical method first developed by Wolf and Schanz 
(2004), it only requires the discrete process towards the boundary of 
elements so it has the advantage of dimension reduction; Moreover, the 
applied semi-analytical approach eliminates less accurate solutions 
caused by the singularity of shape function derivatives near elements. 
These advantages have made SBFEM widely recognized by researchers 
and applied in various fields, such as the electrostatic problem (Liu and 
Lin 2012), dam simulations (Chen et al., 2017a; Chen et al., 2018a; Zou 
et al., 2017), Cosserat continuum analysis (Chen et al., 2021), and crack 
propagation (Ooi et al., 2013; Jiang et al., 2019; Qu et al., 2020). These 
applications strongly prove SBFEM to be an effective coping mean in 
solving practical problems. 

In this paper, we conduct a fresh slope stability analysis, with 
combining SBFEM, SRM and flexible polytree-based mesh refinement 
algorithm, both the safety factor and the generalized shear strain (GSS) 
are used as the evaluation indexes of slope stability. The slope fillings are 
modelled as perfect elasto-plastic materials following the Mohr- 
Coulomb failure criterion. Based on a shear-strain-based refinement 
indicator, multistage local mesh refinement can be achieved via an 
independently developed polytree-based mesh refinement algorithm. 
The effectiveness and accuracy of the proposed method is then verified 
by using several examples, it is evident that the proposed method has 
very good accuracy and adaptability in slope stability evaluation, it 
could not only enhance the calculation precision but reduce the calcu
lation cost. Moreover, as a multistage mesh refinement process is per
formed, the analysis would tend to be a more desired solution. 

The rest of the paper is organized as follows: Overview of SBFEM is 
described in Section 2. The flexible polytree-based mesh refinement 
algorithm and the realization process of local mesh refinement are 

Fig. 1. Schematic diagram of the scaled boundary polygon.  
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described in Section 3. Section 4 gives introduction of SRM theory. Slope 
failure criterion and mesh refinement basis is provided in Section 5. 
Numerical example verifications are presented in Section 6. Finally, the 
concluding remarks are presented in Section 7. 

2. Overview of SBFEM for perfect elasto-plastic materials 

The SBFEM is a semi-analytical method which was first introduced 
by Wolf and Schanz (2004). In 2D problem, unlike the traditional FE 
method which limits the element discretization type to the simplex 
shapes such as triangles and quadrilaterals, the SBFEM allows dis
cretization of arbitrary sided polygons. Fig. 1 shows a schematic of a 
typical polygon modelled by the SBFEM, and the scaling center O in the 
geometric center of the polygon is introduced, any point on the polygon 
boundary must be visible to the scaling center. Within SBFEM, each 
boundary of the polygonal elements is discretized with one-dimensional 
line elements in a local coordinate η that varies from − 1 to 1. Inside the 
polygon, a radial coordinate ξ is established from 0 at the scaling center 
to 1 at the polygon boundary (see Fig. 1). The coordinates (x, y) of any 
point in Cartesian coordinates can be converted to scaling coordinates 
(ξ, s) as follows. 

x(ξ, s) = x0 +N(s)xb (2-1a)  

y(ξ, s) = y0 +N(s)yb (2-1b)  

N(s) =
[

N1
0

0
N1

N2
0

0
N2

...

...

Nm
0

0
Nm

]

(2-2)  

where x0, y0 are scaling center coordinates, xb, yb are the nodal co
ordinates vector of the line element on the boundary, and N(s) is the 
shape function matrix of the line element contains m nodes. 

In the SBFEM, the approximation displacement at any point in the 
scaling coordinates of a subdomain can be written as. 

u(ξ, s) = N(s)u(ξ) (2-3)  

where u(ξ) is the nodal displacement functions along the radial line 
connecting the scaling center and the node on the boundary. The partial 
differential equations of equilibrium of a polygon can be formulated by 
virtual work principle (Ooi et al., 2012) or weighted residual method 
(Chen et al., 2017b). Both equilibrium equations can solve the radial 
displacement functions u(ξ) as follows. 

E0ξ2u(ξ), ξξ +(E0 + E1 + E1)ξu(ξ), ξ − E2u(ξ) + F(ξ) = 0 (2-4)  

where the coefficient matrices Ei (i = 0, 1, 2) is related only to the ge
ometry and material properties of the subdomain, which has been given 
in Eq. (2.6). F(ξ) is a load vector that includes only the body load. Then, 
the equation can be rewritten as: 

E0ξ2u(ξ), ξξ +(E0 − E1 + E1)ξu(ξ), ξ + (E1 − E2)u(ξ) + ω2M0ξ2u(ξ)

= 0
(2-5)  

with the following equations: 

E0 =

∫ +1

− 1
B1DB1|J|ds (2-6a)  

E1 =

∫ +1

− 1
B2DB1|J|ds (2-6b)  

E2 =

∫ +1

− 1
B2DB2|J|ds (2-6c)  

M0 =

∫ + 1

− 1
ρN(s)T N

(
s
)
|J|ds (2-6d)  

where B1 and B2 are strain–displacement transition matrices, D is a 
constitutive matrix, ρ is the material density, and J is the Jacobian 
matrix of the coordinate transformation. Eq. (2.5) is a linear second- 
order matrix-form differential equation, by using the process for calcu
lating the eigenproblems in Eq. (2.5), which has been presented in (Ooi 
et al., 2012; Chen et al., 2017b), the radial displacement functions u(ξ) 
can be derived as. 

u(ξ) = ψuξ− Sn ψuub (2-7)  

where Sn are the subset of the real parts of the eigenvalues, which 
include two zeros and negative numbers, and ψu are the eigenvectors 
corresponding to Sn, depending on the DOFs of a polygonal finite 
element. ub is the nodal displacement vector on the element boundary (ξ 
= 1). Substituting Eq. (2.7) into Eq. (2.3), the displacement field u(ξ,s) 
can be expressed by. 

u(ξ, s) = N(s)ψuξ− Sn ψuub (2-8) 

Therefore, the polygon element displacement shape functions Φ (ξ, s) 
can be extracted from the right side of Eq. (2.8), which are given in the 
following form. 

Φ(ξ, s) = N(s)ψuξ− Sn ψu (2-9) 

In SBFEM, the strain field ε(ξ,s) in the scaling coordinates was pro
posed by Wolf and Schanz (2004) as. 

ε(ξ, s) = B1(s)u(ξ),ξ +
1
ξ
B2(s)u(ξ) (2-10) 

Substituting the radial displacement functions u(ξ) into Eq. (2.10), 
the strain field can be modified in the form of ub as. 

ε(ξ, s) = (B1(s)ψuSn + B2(s)ψu)ξ
− Sn - Iψuub (2-11)  

where B1(s) and B2(s) are transformation coefficient matrices that are 
expressed as: 

B1(s) =
1
|J|

⎡

⎣

y(s), s

0

− x(s), s

0

− x(s), s

y(s), s

⎤

⎦N(s) (2-12a)  

B2(s) =
1
|J|

⎡

⎣

- y(s)

0

x(s)

0

x(s)

- y(s)

⎤

⎦N(s), s (2-12b) 

Using Hooke’s law, the corresponding stress field σ can also be 
expressed as. 

σ(ξ, s) = Dε(ξ, s) (2-13)  

where D is the elastic constitutive matrix. Substituting ε(ξ,s) in Eq. 
(2.11) into Eq. (2.13), the stress field σ(ξ, s) can be naturally obtained. 

In perfect elasto-plastic analysis, the incremental strain field consists 
of the incremental elastic strain increment and the plastic strain incre
ment, as in Eq. (2.14). Using the associated flow rule, the plastic strain 
increment can be expressed by the yield functions F and the plastic 
multiplier Δλ, which is formulated in Eq. (2.15) as. 

Δε = Δεe +Δεp (2-14)  

Δεp =
∂F
∂σ Δλ (2-15) 

Substituting Eq. (2.15) into Eq. (2.13), the stress field increment Δσ 
can be expressed as. 

Δσ = DepΔε (2-16)  

where Dep is the perfect elasto-plastic constitutive matrix, and the 
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corresponding expression of the perfect elasto-plastic model is. 

Dep = De −
De

{∂F
∂σ
}{∂F

∂σ
}TDe

A +
{∂F

∂σ
}TDe

{∂F
∂σ
} (2-17)  

where De is the elastic constitutive matrix, and A is the plastic modulus. 

3. A flexible polytree-based mesh refinement algorithm 

As we know, the computational precision in FE analysis generally 
depends on the mesh quality, the mesh refinement degree and so on. A 
coarse mesh can lead to unsatisfactory results (Elabbast et al., 2004), 
while extremely refined mesh for all over the finite element model re
quires high computational costs. In recent years, researches have been 
committed to using adaptive refinement technique to generate finite 
element mesh (Hirshikesh et al., 2020). Furthermore, owing to the 
presence and accumulation of the generalized shear strain/plastic strain, 
in fact, the occurrence of slope failure commonly just concentrates in a 
local region, which tends to occupy only a small proportion of the whole 
slope, thus it becomes necessary and meaningful to locally refine the 
mesh within the slope model. Therefore, in this section, we explore a 
flexible polytree-based mesh refinement algorithm to achieve the pur
pose of local mesh refinement. 

The quadtree decomposition technique can realize a rapid and effi
cient recursion in the process of mesh generation for conventional mesh 
shapes (Yerry and Shepard 1983; Tabarraei and Sukumar 2005), such as 
triangles and quadrangles. Inspired by the quadtree recursion approach, 
we adopt a novel polytree-based mesh refinement algorithm, which has 
got an initial application by Chau et al. (2017) and Nguyen et al. (2019), 

to handle the slope stability problem. Following a certain recursion rule, 
the technique subdivides a polygon, called father element, into several 
children elements. More specifically, an ordinary polygon with n 
vertices is regularly subdivided into (n + 1) sub-polygons, in which 
consists of a n-sided polygon located in the inside center position and n 
pentagons scattered around the radial direction, the whole refinement 
process can be expressed by the schematic diagram in Fig. 2, the number 
in the last step represents the newly generated element number. This 
process is called 1-level refinement. In the light of the requirement of the 
accuracy of analytical solution, the multistage mesh refinement process 
can be proceeded progressively until a satisfactory accuracy is achieved, 
Fig. 3 shows a group of polytree meshes after a 2-level refinement, the 
corresponding tree structure of 2-level refinement is depicted in Fig. 4. 

From Fig. 3, it is noteworthy that hanging nodes, denoted by red 
solid dots, appear at the intersection of different elements not located in 
the same refinement level after each refinement is completed. Since the 
incompatibility in calculating the hanging node displacement (Chen 
et al., 2018b; Zou et al., 2019), the traditional FE is a laborious and time- 
consuming avenue in dealing with the hanging node problem. However, 
based on the excellent performance of SBFEM, this difficulty can be 
successfully resolved through a conforming approximation field (Tab
arraei and Sukumar 2007). In SBFEM, the n-sided polygon element with 
m hanging nodes is treated as a new polygon with (n + m) vertexes. 
Through an iso-parametric mapping scheme, the element with hanging 
nodes can be regarded as a regular polygon (see Fig. 5), and the shape 
function of the new polygon element is naturally updated. 

Fig. 2. Schematic diagrams of polytree refinement of standard polygons.  
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4. Strength reduction method (SRM) 

SRM was first put forward by Zienkiewicz et al., (1975) in 1970 s and 
then has been widely applied in slope stability analysis by means of 
different research methods, such as the LE method (Cheng et al., 2007a) 
and the LA method (Li and Yang 2016). Additionally, the safety factor FS 
is typically a preference for geotechnical researchers in the aspect of 
characterizing slope stability since it can not only manifest the stable 
state of the slope but predict the risk degree or safety of the slope. The 
essence of the SRM is to reduce the soil strength parameters by dividing 
“the strength reduction factor Fr” until the soil fails, which is defined as 
follows. 

cd = c/Fr (4-1)  

φd = arctan(tanφ/Fr) (4-2)  

where c and φ are the cohesion and friction angle of soil, cd and φd are 
the corresponding soil strength parameters after reduction. The Fr 
should gradually increase until the slope reaches a critical state. At this 
point, the current reduction factor Fr comes to be the safety factor FS. 

In the present work, combining the perfect elastic–plastic model 
following the Mohr-Coulomb criterion, SBFEM-SRM in slope stability 
analysis is carried out. This scheme avoids the shortcomings existed in 
some theoretical approaches based on the premise that the shape and 
location of the slope failure surface need to be predetermined, the limit 
state of slope can be determined by successive reduction, and thus to 
automatically trace the development and evolution of failure zone from 
local region to a fully connected generalized shear strain zone. 

5. Slope failure criterion and local mesh refinement basis 

Since the application of the SRM to slope stability analysis, several 
judgment criterions have been utilized to define the failure state of the 
slope, which generally comprise the following categories: (1) the non- 
convergence of the finite element solutions (Griffiths and Lane 1999; 
Dawson et al., 1999); (2) the displacement mutation of monitoring 
nodes (Tu et al., 2016; Ziekiewicz et al., 1975); (3) the full penetration of 
the generalized shear strain zone (Matsui and San 2008； Yao et al., 
2017) or equivalent plastic strain zone (Zheng et al., 2009) from the toe 

Fig. 3. Polytree meshes with different level.  

Fig. 4. Tree structure of a 2-level refinement.  

Fig. 5. Iso-parametric mapping over a polygon.  
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to the crest of the slope. The above-mentioned three criterions keep a 
low percent error margin of safety factor (Zheng et al., 2009; Wu et al., 
2018), and each criterion can achieve an ideal analysis outcome. 
Therefore, based on the implicit algorithm integrated into the finite 
element program GEODYNA developed by Zou et al., (2005), the 
displacement mutation criterion is adopted in the present work and 
taken as the criterion to judge the slope failure. 

As the slope transforms to the instability state, a rapid accumulation 
and expansion of the generalized shear strain/equivalent plastic strain 
zone is also occurring simultaneously. Once the slope reaches the failure 
state, the strain zone can completely penetrate through the entire slope. 
It can be predicted that the critical failure surface of the slope should 
theoretically pass through the interior of the strain zone at which the 
greatest possibility of relative sliding of soil mass exists. However, as 
described in the previous section, the traditional theoretical approaches 
solving the critical failure surface need to make a prior assumption, this 
practice may lead to an overestimation of the safety factor (Khosravi and 
Khabbazian 2012). Conversely, the critical failure zone within a soil 
mass seems to be a better index for the slope failure (Khosravi and 
Khabbazian 2012). Therefore, instead of searching for a single critical 
failure surface, we could turn to determine the critical failure zone with 
the corresponding safety factor within the slope. 

In this paper, in order to achieve a minimum computational cost, we 
use the flexible polytree-based mesh refinement algorithm to locally 
refine elements within the generalized shear strain zone. To distinguish 
elements for refinement, the generalized shear strain εg is used as a 
refinement indicator to locate elements among the whole elements in 
refinement process. Specifically, this strategy is to start SBFEM-SRM 
calculation from an initially coarse analysis mesh, which could be 
called “initial mesh”, to form a relatively vast shear strain zone. Ulte
riorly, the generalized shear strain value εg over each element is 
managed to conduct mesh refinement, and an refinement threshold εα is 
defined, which selects an appropriate value based on the εg value 
derived from “initial mesh”. The refinement threshold is used to auto
matically filtered out a set of elements, which have smaller shear strain 
values than the refinement threshold, such that. 

εgi⩽εα, i⩽n (5-1)  

εgi =

̅̅̅
2

√

3

[
(
εix − εiy

)2
+ ε2

ix + ε2
iy +

3
2
γ2

ixy

]

(5-2)  

where εgi is the generalized shear strain value of i-th element, n is the 
number of elements, and εix, εiy and γixy are the strain components of the 
i-th element respectively. Therefore, the minimal set Ωmin and the 
maximum set Ωmax are thus determined. Subsequently, the mesh is 
refined adaptively by using polytree-based mesh refinement algorithm 
in zones contained in the maximum set Ωmax characterized by higher 
shear strain values, the new mesh is called “1-level refined mesh”. 
Similarly, it’s conceivable that the SBFEM-SRM calculation with “1-level 
refined mesh” tends to obtain a narrower shear strain zone than “initial 
mesh”. Thereafter, the procedure of local mesh refinement could be 
recursive once. Thus, the bandwidth of shear strain zone is bound to be 
forced to a limited space after multistage mesh refinement, and then the 
approximate path of the failure surface can be easily traced. 

6. Numerical example verifications 

In this section, in order to verify the dependability and the applica
bility of the proposed method in terms of SBFEM-SRM and polytree- 
based polygonal mesh refinement algorithm, the numerical simulation 
of polygonal discretization is conducted to evaluate the slope stability. 
The numerical algorithm discussed in the previous section is imple
mented in the independently developed finite element program GEO
DYNA. This section consists of three subsections: The calculational 
accuracy and superiority of SBFEM-SRM are firstly verified using a 

simple slope example. Second, through a nonhomogeneous slope 
example with complex geological conditions, the proposed method in 
terms of SBFEM-SRM in conjunction with polytree-based polygonal 
mesh refinement algorithm in slope stability analysis is demonstrated. 
Third, an actual test embankment example is analyzed to verify the 
practicability of the proposed method. 

Both safety factor and the generalized shear strain zone are used to 
characterize the slope stability performance. In particular, the numerical 
results obtained by the proposed method are compared with available 
analytical solutions from other existing solutions for verification pur
pose. Details of this section are showed as below. 

6.1. Example 1-Simple homogeneous slope 

6.1.1. Model and material parameters 
In this section, a classical homogeneous slope called Example 1 is 

selected to evaluate the correctness and advantage of the SBFEM-SRM. It 
is a simple 20 m high slope with an inclination of 1:2, the geometry of 
the slope is depicted in Fig. 6. The behavior of filling soil conforms to a 
perfect elasto-plastic model following the Mohr-Coulomb criterion 
incorporating non-associated flow rule, a value of dilatancy angle ψ =
0◦ is assumed, which has been proved to be reliable in RSM analysis by 
Griffiths and Line (1999). Horizontal node displacements along the left 
and right boundaries are fixed, and all node displacements along the 
bottom boundary are fixed, while the top surface of model keeps free. 
The related soil parameters friction angle φ, cohesion c, self-weight γ, 
elastic modulus E, and Poisson’s ratio v are listed in Table 1. Besides, the 
soil is completely dry and impervious to groundwater. 

In the initial stress stage, the self-weight of soil is taken into consider. 
soil is assumed to be an elastic material. The lateral earth pressure co
efficient at rest K0 is defined with K0 = 1-sinφ according to Jaky (1944), 
so Poisson’s ratio v can be obtained by the generalized Hooke’s law: v =
K0/(1 + K0). The elastic modulus E is consistent with the values in 
Table 1, the SBFEM analysis is then performed to generate the initial 
stress under its self-weight. After that, the initial stress is introduced into 
the strength reduction calculation process of SBFEM to gradually obtain 

Fig. 6. The geometry of the slope of Example 1.  

Table 1 
Material parameters of filling soil.  

c/kPa φ/(◦) γ/(KN/m3) E/MPa v  

9.8 10  17.64  0.1  0.3  

Table 2 
Different element types used in Example 1.  

Name Shape Number of nodes 

Quadrilateral isoparametric element (Quad4) 4 

Quadratic isoparametric element (Quad8) 8 

Linear Polygon element (LP) n (n = 3, 4, 5, …)  
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the critical state of the slope. 

6.1.2. Analytical options 

6.1.2.1. FE-SRMxxx. Based on Example 1, firstly, the conventional FE- 
SRM analysis is carried out to conduct the slope stability analysis, the 
soil parameters required in the simulation are shown in Table 1. The 
isoparametric quadrilateral elements with 4 nodes (Quad4) and 8 nodes 
(Quad8), see Table 2, are used to conduct the FE analysis. For presen
tation purposes, the FE-SRM analysis program by using Quad4 and 
Quda8 elements, has been abbreviated as FE-SRM-Q4 and FE-SRM-Q8 
separately. 

6.1.2.2. SBFEM-SRMxxx.  

(1) Quadrilateral elements 

In order to demonstrate the accuracy and reliability of SBFEM-SRM 
in slope stability analysis, regarding the slope example in FE-SRM 
analysis of Section 6.1.2.1, the presented SBFEM-SRM is also per
formed, and quadrilateral elements are used in this section, which can be 
abbreviated as SBFEM-SRM-Q4. The mesh Information and soil pa
rameters are consistent with Section 6.1.2.1.  

(2) Linear Polygon elements 

In addition to being able to calculate regular cells. The proposed 
method in terms of SBFEM-SRM can also support the polygonal elements 
and derive high-precision solution, which is its distinguishing feature 
from the conventional FE-SRM analysis. In order to further verify the 
superiority and applicability of the proposed method, combined with 
linear polygon elements (LP), offered in Table 2, the studied slope model 
in above analyses is further investigated, and for comparison purposes, 
the scheme is designated as SBFEM-SRM-LP. 

Fig. 7. Quadrilateral elements divisions.  

Fig. 8. Polygonal elements divisions.  
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6.1.3. Mesh information  

(1) Quadrilateral elements 

The slope model is discretized into meshes with 100, 500, 1000 and 
2000 quadrilateral elements respectively, see Fig. 7. For Quad4 element, 
the number of nodes is 122, 549, 1077 and 2096, while 343, 1579, 3153 
and 6191 nodes for Quad8 element respectively. Based on this meshing, 
the numerical analysis of FE-SRM-Q4, FE-SRM-Q8 and SBFEM-SRM-Q4 
are carried out successively. The safety factor Fs for different element 
numbers and degrees of freedom are obtained to serve as the evaluation 
index of slope stability.  

(2) Polygonal elements 

Similarly, the slope model is discretized into a mesh with 100, 532, 
1038 and 1912 polygon elements, see Fig. 8, which has an approximate 
number of elements as the previous content. The corresponding number 
of nodes is 193, 1039, 2037 and 3779. Then the SBFEM-SRM-LP analysis 
is implemented. 

6.1.4. Results for simple slope  

(1) FE-SRM-Q4 and FE-SRM-Q8 

The relationship curves between the error of FE-SRM-Q4 and FE- 
SRM-Q8 with different element numbers are shown in Fig. 9, the in
fluence of degrees of freedom, corresponding to the number of elements 
in Fig. 9, on the safety factor is shown in Fig. 10. To clearly show the 
difference of FE-SRM results with other method, the value for LE method 

by Greco (1996) is also included in the graphs. From the results, it is 
clear that the calculation accuracy of FE-SRM-Q8 is hardly affected by 
element numbers and degrees of freedom, and its accuracy is much 
better than that of FE-SRM-Q4, meanwhile, the safety factors obtained 
from the FE-SRM-Q8 keeps good consistency with the analytical solu
tions obtained from LE method, implying that FE-SRM-Q8 offers ideal 
computing reliability in solving the safety factor of slope. This is mainly 
attributed to the fact that Quad8 has more degrees of freedom under the 
same number of elements, which contributes to the robustness of the 
calculation results. However, the calculation results of FE-SRM are not 
very satisfactory when Q4 elements are used, especially in the case of a 
coarse mesh density.  

(2) SBFEM-SRM-Q4 

The safety factors obtained from SBFEM-SRM-Q4 for different 
element number and freedom degrees are illustrated in Fig. 9 and 
Fig. 10. Compared with the curves of FE-SRM-Q4, the curves of SBFEM- 
SRM-Q4 are obviously closer to the theoretical value which is regarded 
as the value of LE method. Besides, note that the curves of SBEFM-SRM- 
Q4 vary slightly with the mesh density and freedom degrees, indicating 
SBFEM-SRM has better mesh adaptability. These results confirm that 
SBFEM has better computational accuracy than FE in slope stability 
analysis.  

(3) SBFEM-SRM-LP 

The variation trend of safety factor with mesh density and freedom 
degree obtained from SBFEM-SRM-LP is also shown in the curve in Fig. 9 
and Fig. 10. As shown in the figures, the results obtained from SBFEM- 
SRM-LP are obviously more accurate than those obtained from SBFEM- 
SRM-Q4, which shows that polygonal elements have better computa
tional accuracy than quadrilateral elements. In addition, with the in
crease of mesh density and freedom degree, the curves of SBFEM-SRM- 
LP change slightly and the general trends are very close to the curves of 
FE-SRM-Q8, the values of the two curves also differ very slightly. In 
addition, it should be noted that the degree of freedom of SBFEM-SRM- 
LP is less than that of FE-SRM-Q8, but the calculation accuracy is not 
weakened, which proves the accurate calculation ability of SBFEM 
compared with FE method. In other words, the calculation accuracy of 
SBFEM-SRM-LP is enough to reach the accuracy of FE-SRM-Q8. 

The critical failure zone characterized by generalized shear strain 
(GSS) obtained from the SBFEM-SRM-LP corresponding to 1917 ele
ments is depicted in Fig. 11, and the critical slip surface located in Greco 
(1996) by LE method is also contained. Intuitively, the critical failure 
zone formed by SBFEM-SRM-LP also accurately trace the approximate 
path of the critical slip surface in Greco (1996). The phenomenon il
lustrates that the proposed method is also capable of capturing critical 
failure zone of slope with high precision. These capabilities of SBFEM- 
SRM will be a particular important feature in problems that cannot be 
solved by LE and LA methods, such as complex terrain and loading 
conditions. 

Although the calculation accuracy of FE-SRM-Q8 is comparable to 
that of SBFEM-SRM-LP, the calculation process of Q8 element is time- 
consuming, and there will be an additional difficulty in multistage 

Fig. 9. Safety factor of different element types for different element numbers.  

Fig. 10. Safety factor of different element types for different degrees 
of freedom. 

Fig. 11. The critical failure zone for SBFEM-SRM of polygonal elements.  
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mesh refinement. Therefore, in contrast, SBFEM-SRM-LP adopted in this 
paper is undoubtedly a better choice for slope stability analysis. 

In general, the advancement of the proposed method in computa
tional accuracy and effectiveness has been significantly demonstrated 
through this example. 

6.1.5. The influence of dilatancy angle on results 

6.1.5.1. Dilatancy angle parameters. In the above section, the non- 
associated flow rule with dilatancy angle ψ = 0◦ is adopted. In order 
to examine the influence of ψ on the calculation results, several SBFEM- 
SRM calculations by varying ψ, which corresponds to 3◦, 6◦ and 9◦

respectively, are performed. 

6.1.5.2. The effects of ψ on safety factor. The obtained safety factors are 
listed in Table 3. As can be seen from Table 3, with the increase of ψ, the 
safety factor presents an increasing trend, it shows the dilatancy angle 
has a slight effect on slope stability. The error between the safety factor 
of ψ = 0◦ and that of ψ = 9◦ is 1.20%, which confirmes that the effect of 
ψ on the safety factor is insignificant and less important in SRM. The 
insensitivity of slope stability to dilatancy angle in SRM is also 
confirmed by Cheng et al. (2007a) and Liu et al. (2015a) through some 
numerical examples. 

6.1.5.3. The effects of ψ on critical failure zone. The corresponding 
contours of critical failure zone for φ = 10◦ corresponding to different 
dilatancy angles are shown in Fig. 12 respectively. According to the 
contours of critical failure zone, it can be seen the change of dilatancy 
angle has no significant influence on the critical failure zone of slope. In 
fact, the width of this zone is mainly affected by the mesh density which 
is also the issue this study is committed to solve. 

In addition, as described in Griffiths and Lane (1999), slope stability 
analysis is relatively unconfined, so the choice of dilation angle is less 
important, a compromise value of ψ = 0◦, which is also adopted in this 

study, enables the model to give reliable safety factors and reasonable 
indication of the potential failure surfaces. Therefore, the selection of ψ 
= 0◦ is applicable to the slope cases investigated by this study, for slopes 
subjected to confining pressure, matrix suction etc. (Guo et al., 2010; 
Hossain and Yin, 2015), the value of dilatancy angle should be further 
studied. 

6.2. Example 2- a nonhomogeneous slope 

In this section, the flexibility and feasibility of SBFEM-SRM com
bined with the polytree-based polygonal mesh refinement algorithm in 
slope with complex geological conditions are examined. A multilayered 
nonhomogeneous slope composed of three different soils, called 
Example 2, is considered, parameters of three soils following a non- 
associated Mohr-Coulomb failure criterion with ψ = 0◦ are listed in 
Table 4. The initial stress generation process, boundary and ground
water conditions are consistent with those in Example 1. Fig. 13 shows 
the geometric shape of the slope. 

This slope is a representative analysis example investigated by as
sociation for computer aided designs (ACADS) (Donald and Giam 1992). 
In order to obtain more reliable results, many excellent researchers and 
research institutions were invited to engage in this case study (Hou et al., 
2017), and different research methods have been developed, among 
which the most important one is LE method. 

6.2.1. LE method 
In the framework of the LE method, researchers have solved the 

safety factor of the slope by means of different optimization methods or 
algorithms, several Fs values obtained by different methods from 
different literatures are summarized in Table 5, in which the safety 
factor values range from 1.35 to 1.39. In addition, the shape and position 
of the critical slip surface obtained by these methods remain roughly 

Table 3 
Safety factors of slope for different ψ in Example 1.  

ψ/◦ 0 3 6 9 

Fs  1.330  1.335  1.340  1.346  

Fig. 12. The critical failure zone for different ψ in Example 1.  

Table 4 
Parameters of the three soils.  

Soil c/kPa φ/(◦) γ/(KN/m3) E/MPa v 

Layer 1 0 38  19.5  0.1  0.3 
Layer 2 5.3 23  19.5  0.1  0.3 
Layer 3 7.2 20  19.5  0.1  0.3  
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similar. 

6.2.2. SBFEM-SRM analysis of flexible polygonal mesh refinement 
algorithm 

In this section, the flexible polytree-based polygonal mesh refine
ment algorithm proposed in this paper is verified. First, based on 
Example 2, the slope model is initially discretized into a coarse mesh 
with 498 polygonal elements in our simulation, see Fig. 14(a). Then, 
SBFEM-SRM is carried out to search for the limit state of the 

nonhomogeneous slope, during which the critical failure zone corre
sponding to the safety factor can be formed. After the simulation anal
ysis, the safety factor FS is 1.430 in the limit state, and the critical failure 
zone, which is represented by generalized shear strain (GSS), is simul
taneously identified and shown in Fig. 14(b). 

In order to demonstrate the advantage of polygonal mesh refinement 
algorithm, after the above analysis process, the independently devel
oped polytree-based mesh refinement algorithm, which can automati
cally implement and finally realize the multistage local mesh refinement 
to improve the calculation accuracy of the slope, is introduced into 
SBFEM-SRM. During the refinement process, the physical mesh attains 
4012 polygonal elements after the 2-level refinement in this example, as 
exhibited in Fig. 15(a). The solved critical failure zone is depicted in 
Fig. 15(b). 

It can be found from the figure that as the mesh is improved from 
initial mesh to 2-level refined mesh, the critical failure zone achieves a 
large area reduction, and the zone in 2-level refined mesh will be 
gathered towards inner elements in the initial course mesh. Therefore, 

Fig. 13. The geometric shape of the Example 2.  

Table 5 
Fs obtained from different methods for Example 2.  

Source Method Safety factor Fs 

Gao (2016) Ant-colony optimization  1.344 
Cheng et al., (2007b) Harmony search algorithm  1.387 
Bolton et al., (2003) Leap-frog  1.359 
Goh (1999) Genetic algorithm  1.387  

Fig. 14. SBFEM-SRM of initial mesh for Example 2.  
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the proposed method also realizes the target in critical failure zone 
reduction of slope with complex geological structure. Gao (2016) 
analyzed the slope using the ant colony optimization method, the opti
mum critical slip surface is depicted in Fig. 15(b). Evidently, the critical 
failure zone obtained by the proposed method has already accomplished 
the function of completely enclosing the optimum critical slip surface, 
thus the determined critical failure zone can exactly capture the path of 
the theoretical critical slip surface of the nonhomogeneous slope. The 
safety factor FS corresponding to 2-level mesh is 1.392, which is slightly 

larger than the upper bound value 1.387 of FS in Table 5, with a 
discrepancy of 0.22%, while the premise in terms of the shape and 
location of the slope failure surface in theoretical optimization algo
rithm is eliminated. In addition, safety factors exhibit a decreasing 
tendency with the improvement of mesh level, such as 1.430 for initial 
mesh and 1.392 for 2-level refined mesh. The phenomenon of the 
decrease of safety factor is in line with the rule that a finer mesh con
tributes to a more exact solution. Finally, it can be seen from Fig. 15(a) 
that a large number of hanging nodes have generated in the refinement 

Fig. 15. SBFEM-SRM of 2-level mesh for Example 2.  

Fig. 16. The cross-section diagram of Example 3.  
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process, and the SBFEM-SRM adopted in this paper deals with them 
ingeniously and reliable results are obtained. 

6.3. Example 3- a full-scale trial embankment 

To examine the practicability and applicability of the SBFEM-SRM 
combined with the flexible polytree-based polygonal mesh refinement 
algorithm in slope stability analysis, a full-scale trial embankment called 
Example 3 built at Nong Ngoo Hao in Bangkok by the Asian Institute of 
Technology (Zou et al., 1995; Zhu, 2001) is simulated in this section. 
The simplified cross-section and soil layer distribution of the test 
embankment are given in Fig. 16. The embankment was 30 m long with 
side slopes of 1:2 (vertical: horizontal), a berm was constructed on one 
side to ensure that failure occurred on the opposite side. The embank
ment built on Bangkok clay collapsed at a height of approximately 3.4 
m. 

For the sand filling material, a set of characteristic parameters, listed 
in Table 6, was obtained from laboratory tests (Zou et al., 1995; Bergado 
et al., 1987). Bangkok clay is divided into 5 horizontal layers with 
characteristic properties of the different soil deposits and the partition of 
each layer is shown in Fig. 16. The soil parameters required in this 
analysis are summarized in Table 6. The undrained shear strengths of 
Bangkok clay, Cu were estimated from field vane tests and have been 

corrected using Bjerrum’s correction factor (Bjerrum, 1972). The un
drained Young’s modulus (Eu) of Bangkok clay was determined from the 
cone penetration test results, and the undrained Poisson’s ratio vu was 
assumed to be 0.495 (Zou et al., 1995). The initial stress generation 
process, boundary conditions, groundwater conditions and flow rule of 
soils in this example are also consistent with those in Example 1. 

Based on the example, SBFEM-SRM analysis combined with the 
polytree-based polygonal mesh refinement algorithm is conducted in 
this section. The slope model is initially discretized into a coarse mesh 
with 1132 polygonal elements in our simulation, see Fig. 17(a). Then 
SBFEM-SRM is carried out to search for the limit state of the slope, and 
the safety factor FS is 1.070 in the limit state, the corresponding critical 
failure zone is shown in Fig. 17(b). Further, the multistage local mesh 
refinement process and SBFEM-SRM are continued in parallel. 

After the 2-level refinement process, the slope mesh attains 5512 
polygonal elements as exhibited in Fig. 18(a). The safety factor FS is 
1.045 in the limit state, and the solved critical failure zone is depicted in 
Fig. 18(b). By comparing Fig. 17(b) with Fig. 18(b), it can be found that 
as the mesh refinement level improves, the zone shows a tendency of 
sharp shrinkage. Therefore, the proposed local mesh refinement algo
rithm indeed achieves the desired purpose in critical failure zone 
reduction for this embankment slope. Notably, there was six failure 
points observed in the field as shown in Fig. 18(b), the determined 
failure band passes through all the six observed failure points. In the 
light of this we could identify that the proposed method provides a good 
conformity with the actual failure surface. Besides, the safety factor 
1.045 obtained by SBFEM-SRM is slightly larger than the value of 1.0 in 
the theoretical limit state, the error may result from the uncertainty of 
soil strength measurements and realistic construction situation, the 
safety factor cannot exactly be identical with the theoretical solution 
1.0. In terms of practical engineering, such an error could be reasonably 
accepted. 

Therefore, the proposed method provides good performance and 

Table 6 
Soil parameters for Example 3.  

layer γ/(kN⋅m− 3) Cu/kPa φ/◦ Eu/MPa vu 

sand filling  18.0 0 37.5  30.0  0.3 
Bangkok clay 1  14.3 13.3 0  20.0  0.495 
Bangkok clay 2  14.3 10.5 0  20.0  0.495 
Bangkok clay 3  14.3 13.3 0  20.0  0.495 
Bangkok clay 4  15.0 17.5 0  20.0  0.495 
Bangkok clay 5  16.0 21.0 0  20.0  0.495  

Fig. 17. SBFEM-SRM of initial mesh for Example 3.  
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applicability in practical engineering, the further application can be 
assigned to a wider range of slope engineering to provide theoretical 
basis for its construction and design. 

It is worth noting that the above studied examples all focus on ideal 
elastic–plastic soil materials which ignores the strain-softening effect of 
soil. Within the framework of SBFEM, damage failure of materials, 
which is one of the strain-softening property, has been successfully 
analyzed by relevant studies (e.g. Zhang et al., 2018; Chen et al., 2019; 
Gong et. al., 2021) and corresponding conclusions have been achieved. 
Therefore, it has proven that SBFEM has a very robust ability and 
versatility in dealing with strain-softening problem. As for elastic–
plastic soil materials considering strain-softening characteristics, the 
related research on the combination of SBFEM and local mesh refine
ment algorithm may be developed and discussed in the future research. 

7. Conclusion 

In this paper, a fresh slope stability analysis approach and applica
tion is investigated. Specifically, a flexible polytree-based mesh refine
ment algorithm has been developed independently to overcome the 
limitation of conventional methods, making a local refinement and scale 
spanning of the mesh can be achieved efficiently. Meanwhile, combined 
the scaled boundary finite element method and strength reduction 
method, a refinement analysis method for slope stability has been 
established. Subsequently, several examples are analyzed to verify the 
accuracy and applicability of the proposed method. The main conclu
sions are listed as follows:  

(1) The advantages of SBFEM and SRM have been inherited in the 
proposed method, and specific characteristics can be embodied 
as: Firstly, flexible polygonal elements can be solved directly in 
slope stability analysis, making the efficiency for processing 
complex geometries improved. And the flexible polytree-based 
mesh refinement algorithm can be coupled seamlessly, so that 
multistage refinement can be performed conveniently. In addi
tion, the safety factor and the generalized shear strain can be 
obtained simultaneously, which has served as the evaluation in
dexes of slope stability. 

(2) A highly satisfactory solution accuracy is achieved in the pro
posed approach, wherein obtained results are in good agreement 
with other theoretical solutions offered in literatures, implying 
that a very superb validity and applicability for numerical anal
ysis is revealed. Particularly, as the calculations indicated, 
polygonal elements have a remarkable advantage of high preci
sion for slope stability analysis, in that the calculation results of 
SBFEM-SRM-LP can achieve the accuracy comparable to FE-SRM- 
Q8. Meanwhile, the difficulties existing in multistage mesh 
refinement of Q8 elements would be eliminated via presented 
method, and the hanging node problem can be dealt with 
reasonably to ensure the compatibility and conformity of 
computation.  

(3) Compared to conventional methods, the presented refinement 
algorithm can offer a more desired solution without compro
mising the solution accuracy, and the majority unnecessary 
computational burden can be retrenched. In particular, the 
advantage would be better revealed when the method is extended 

Fig. 18. SBFEM-SRM of 2-level mesh for Example 3.  

X. Nie et al.                                                                                                                                                                                                                                      



Computers and Geotechnics 149 (2022) 104861

14

to 3D analysis, which will be a major research object for us in the 
future. 
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