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A B S T R A C T   

This study constructed the u-p equation for saturated soil in the meshfree global weak form within the arbitrary 
Lagrangian-Eulerian (ALE) framework to solve the problem of liquefaction-induced large deformation induced by 
strong seismic loading. The interpolation improvement in the near-interface zone was achieved using domain 
truncation optimization and the local nodal refinement algorithm, and the relative error of the shape function 
was proposed as the judgment criterion for radial basis function (RBF) field variable mapping. Finally, a high 
precision meshfree liquefaction-induced large deformation method (MFLLDM) with automatic time step map
ping and interfacial zone interpolation improvement was established. The MFLLDM achieved the efficient dy
namic updating of soil stress state and pore pressure information in space during the deformation process and 
more accurately depicted the localized large shear deformation characteristics of the soil in the near-interface 
zone. The proposed method was integrated into a custom-built large-scale finite element method (FEM) 
computing system (GEODYNA), based on object-oriented and super element program design technology. This 
enabled the efficient coupled analysis of MFLLDM in the liquefied-induced large deformation zone and FEM in 
the small deformation zone. Numerical consolidation examples were used to validate the accuracy, convergence, 
and applicability of the soil elasto-plastic model for MFLLDM. The method was then used to simulate the 
liquefaction damage of the San Fernando dam, which reproduced the development process of large slip defor
mation and high-water pressure ratio for the upstream dam slope.   

1. Introduction 

As a typical saturated porous medium, soil undergoes rapid and se
vere shear deformation under the influence of strong seismic load, 
resulting in a rapid increase in excess pore water pressure (EPWP) and a 
decrease or even elimination of effective stress in the soil skeleton. This 
can cause liquefaction-induced large-deformation phenomena of satu
rated soil (Shahbodagh et al., 2020; Hatanaka et al., 1997; Gu et al., 
1993), such as foundation settlement, slope instability, and liquefaction 
of the dam slide, which pose a serious threat to the safe operation of 
structures. Numerous powerful earthquakes worldwide have resulted in 
a significant number of soil-liquefaction-induced large deformation 
phenomena and structural damage, including the 1964 Niigata 

earthquake in Japan, the 2008 Wenchuan earthquake, and the 2010 
Chile earthquake. In geotechnical engineering, developing an efficient 
numerical analysis method to reproduce the soil liquefaction-induced 
large deformation process is of great theoretical and practical impor
tance (Lombardi and Bhattacharya, 2014; Chen et al., 2023a), to reveal 
its evolution mechanisms and to evaluate the extent of the liquefaction 
zone. 

Research on soil liquefaction can be divided into two categories, 
strength-based and deformation-based research. The strength-based 
approach focuses on the liquefaction discrimination problem (Seed 
and Idriss, 1971). However, with a deeper understanding of liquefaction 
damage, studies have shown that deformation will significantly influ
ence the safety of soil and structures, rather than strength, making it 
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challenging for a single strength-based approach to meet a project’s 
requirements. Therefore, research focus on soil liquefaction has gradu
ally shifted toward analyzing deformation produced by liquefaction (Liu 
et al., 2021; Ye and Wang, 2015). The small deformation analysis based 
on the finite element method (FEM) has failed to account for changes in 
geometric modeling, making it difficult to accurately capture the 
development process of large deformation phenomena (Wang et al., 
2015; Chen et al., 2023b; Zhao et al., 2024). Using FEM within the 
updated Lagrangian (UL) or total Lagrangian (TL) (Bathe et al., 1975) 
framework may offer a strategy for addressing the finite deformation 
problem. However, this approach may cause severe mesh distortion in 
large deformation analysis, causing negative value of the Jacobian 
matrix and computational non-convergence. As a result, pure 
Lagrangian or Eulerian frameworks have been supplanted with the 
arbitrary Lagrangian-Eulerian (ALE) framework. Due to its high preci
sion and stability, the ALE framework has been extensively used in large 
deformation analysis (Chen et al., 2023a; Liu et al., 2022; Gong et al., 
2023). Mesh-based and node-based methods comprise major portions of 
existing large deformation techniques (Wang et al., 2015). 

The re-meshing and interpolation technique with small strain 
(RITSS) (Hu and Randolph, 1998) and coupled Eulerian-Lagrangian 
(CEL) (Noh, 1963) method serve as two typical mesh-based large 
deformation methods in the ALE framework. Based on standard FEM 
small deformation analysis, Hu and Randolph (1998) first proposed the 
RITSS, which successfully solved the large deformation problem and was 
extended to dynamic analysis by Wang et al. (2013) and saturated 
porous media effective stress analysis by Randolph (2008) and Ullah 
et al., (2018). Seismic liquefaction analysis necessitates a relatively 
short time interval and a greater number of computational steps, which 
also requires more frequent re-meshing for the RITSS approach. How
ever, this process can be time-consuming. Additionally, the nodal pore 
pressure exhibits sensitivity in numerical analysis, thus, more frequent 
interpolation can impact its simulation precision. The CEL method can 
convert Lagrangian control equations into Eulerian control equations 
and maintain the original mesh throughout the analysis process, 
allowing for the solution of large deformation problems. The CEL 
approach was integrated into Abaqus within the total stress analysis 
framework. Thus, this method did not adequately account for the effects 
of pore pressure changes and was not appropriate for addressing 
liquefaction issues. Yi et al. (2021) extended the CEL method to an 
effective stress framework for dynamic analysis of saturated soil. How
ever, the above secondary development in Abaqus has not been utilized 
for analyzing liquefaction-induced large deformation analysis under 
seismic load. Liu et al. (2022) and Chen et al. (2022) combined the CEL 
approach and random field theory for modeling landslide runout in non- 
uniform soils. Meanwhile, two recent reviews (Wang et al., 2015; 
Augarde et al., 2021) analyzed large deformations in geotechnical en
gineering, however, the application of RITSS and CEL in analyzing soil 
liquefaction-induced large deformations under seismic load was not 
discussed. Other mesh-based large deformation methods including: 
particle finite element method (PFEM) (Idelsohn et al., 2004), efficient 
arbitrary Lagrangian–Eulerian (EALE) method (Benson, 1989), also 
have been applied to geotechnical engineering large deformation anal
ysis (Yuan et al., 2020; Zhang et al., 2023c). 

With the development of above methods, another class of node-based 
large deformation analysis methods has also significantly advanced, 
with the most representative consisting of the meshfree method (MFM) 
(Lucy, 1977; Belytschko et al., 1994; Liu and Gu, 2001) and the material 
point method (MPM) (Sulsky et al., 1994). Compared to FEM, MFMs 
have the advantage of eliminating mesh constraints in the interpolation 
or numerical integration process, which can avoid the issue of mesh 
distortion in large deformation analysis. Liu and Gu (2002) provided a 
definition for the meshfree method as an approach that does not rely on 
predetermined mesh information during numerical integration or the 
calculation of the shape function. The existing meshfree methods can be 
divided into three main categories:1. The first category is based on the 

strong form, and includes the smoothed particle hydrodynamics (SPH) 
method, which is a completely meshfree method in which the processes 
of numerical integration and calculating the shape function did not 
depend on the mesh (Lucy, 1977); 2. The second method is based on the 
global weak form, and includes the element-free Galerkin method 
(EFGM) and radial point interpolation method (RPIM), both of which 
rely on a global background mesh for numerical integration (Belytschko 
et al., 1994); 3. The third method is based on a local weak form, and 
includes the meshfree local Petrov-Galerkin method (MLPGM) and local 
point interpolation method (LPIM), both of which require a local 
background mesh for numerical integration (Liu and Gu, 2001). 
Numerous studies (Jie et al., 2008, Huang et al., 2008) have effectively 
used MFMs to examine the development of structural damage caused by 
soil liquefaction-induced large deformation under seismic load. How
ever, the applicability of MFMs will be constrained by their relatively 
low computational efficiency. MPM employs a double description with 
Lagrangian material points and a Eulerian mesh and discretizes the 
continuum model into a series of material points; it has been used to 
successfully simulate the liquefaction-induced large deformation prob
lems for embankments, dams, and landslides (Di Carluccio et al., 2023; 
Li et al., 2021, Feng et al., 2021, Cuomo et al., 2019, Yerro et al., 2019, 
Bandara et al., 2016). Different from FEM, MPM established discrete 
governing equations using material points instead of a mesh, and it 
required information transmission between the material points and 
background mesh nodes. Therefore, integrating MPM with commercial 
or self-developed FEM programs may be challenging. Additional infor
mation regarding the aforementioned node-based methods can be found 
in the literatures (Liew et al., 2002, Guo et al., 2021). 

Based on the benefits and limitations of the above-presented ap
proaches, this study introduced an efficient and practicable meshfree 
liquefaction-induced large deformation method (MFLLDM) with 
following contributions: (1) Develop an effective stress-pore water 
pressure large deformation analysis with the advantages of MFM and 
ALE. (2) The relative error of shape function was proposed as the 
mapping judgment criterion, which achieves automatic time-step map
ping. (3) The interpolation improvement in the near-interface zone was 
achieved to accurately capture the localized behaviors of the near- 
interfacial soils. 

The accuracy and convergence of proposed MFLLDM is verified by 
simulating the consolidation problem of saturated soil columns, tran
sient response problem in a saturated elastic half space and simulation of 
centrifuge test. Then, the generalized elasto-plastic model (Liu et al., 
2018, Zienkiewicz et al., 1985) was employed in MFLLDM to accurately 
capture the cyclic shear deformation and post-seismic permanent 
deformation of soil under seismic loading. This constitutive model was 
finally applied to simulate the liquefaction damage of the San Fernando 
Dam. The numerical analysis reproduced the liquefaction-induced large 
deformation of the upstream slope during powerful earthquakes and 
identified the region of high excess pore water pressure ratio of the dam. 

2. Formula derivation in MFLLDM 

The proposed MFLLDM required a global background mesh in nu
merical integration, but it calculated the shape function only using the 
nodal information. Consequently, according to the aforementioned 
definition given by Liu and Gu (2002), it could be classified as a 
meshfree approach. Section 2.1 provides the derivation of the governing 
equation of MFLLDM in both Lagrangian step and Eulerian step; Section 
2.2 summaries the automatic time-step mapping technology; Section 2.3 
describes the enhancement of calculating the shape function near the 
interface zone between two materials; and Section 2.4 gives the 
improvement of calculating lumped mass matrix to solve the problem of 
calculation divergence. 
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2.1. Derivation of u-p equations 

The proposed MFLLDM was established within the arbitrary 
Lagrangian-Eulerian (ALE) framework, and every calculation step in 
MFLLDM involved both a Lagrangian step and a Eulerian step. In the 
Lagrangian step, the standard governing equations in the small defor
mation condition were established. Biot’s dynamic consolidation theory 
was first proposed in 1956, and it has been extensively applied to dy
namic problems involving saturated porous media. The researchers 
deduced several forms of these equations, with the u-p form equations 
selected as the governing equations in this work. 

The solid’s equilibrium equations can be expressed as follows: 

LT σ − ρü+ ρb = 0 LT(σ ′
− mp) − ρü + ρb = 0 (1)  

where σ and σ′ denote the total stress vector and effective stress vectors, 
respectively, p is the pore water pressure, m can be expressed as 
{1,1,0}T, ρ is the density of the solid, b is the solid load vector, ü is the 
acceleration vector of the solid skeleton, and the differential operator L 
can be calculated as follows: 

L =

⎡

⎢
⎢
⎢
⎣

∂
∂x

∂
∂y

∂
∂y

∂
∂x

⎤

⎥
⎥
⎥
⎦

(2) 

The equilibrium equations of the fluid can be expressed as follows: 

− ∇p − R − ρf ü+ ρf bf = 0 (3) 

where R represents the viscous drag force vector, ρ f is the density of 
the fluid, and bf is the fluid load vector. The gradient operator ∇ can be 
expressed as follows: 

∇ =

{
∂
∂x

∂
∂y

}T

(4) 

According to Darcy’s law, 

kR = w (5)  

where k is the permeability and w is the average velocity vector of the 
percolating fluid. 

The continuity equation can be expressed by: 

∇T w+∇T u̇+
ṗ
Q
= 0 (6)  

where ṗ signifies the derivative of pore water pressure according to the 
time, and Q is the modulus parameter defined as: 

1
Q
=

n
Kf

+
1 − n

Ks
(7)  

where n represents the porosity of soil, Kf and Ks are the bulk modulus of 
the fluid and solid, respectively. 

Finally, Equation (6) can be re-expressed as follows: 

− ∇T k∇p − ρf∇
T kü+ ρf∇

T kb+α∇T u̇+
ṗ
Q

= 0 (8) 

where α represents the parameter related to the bulk modulus ratio of 
the solid skeleton and the solid particle; in this manuscript α=1. 

The equilibrium equation (Equation (1)) and continuity equation 
(Equation (8)) consist of the u-p form of Biot’s dynamic consolidation for 
saturated porous media. Using the virtual displacement principle, the 
weak forms of the equilibrium equation and continuity equation can be 
expressed as follows: 

Mü+Cu̇+Ku − Qsf p − f 1 = 0 (9)  

Qfsu̇+Sṗ+Hp − f 2 = 0 (10)  

where f 1 is the nodal external load vector corresponding to the solid, 
and f 2 is the nodal external load vector corresponding to the fluid. 

To calculate the corresponding matrices and vectors in the preceding 
equations, interpolation and integration processes had to be performed. 
Unlike FEM, the background mesh was introduced to support the 
aforementioned processes. The background mesh was requested to cover 
the entire domain, and it remained unaltered throughout the simulation. 
This study employed the rectangular background mesh to simplify the 
calculation, with its dimensions lx and ly related to the average nodal 
distance: 

lx = ly =
1

num

∑num

i=1
ri ri =

1
num − 1

∑num,i∕=j

j=1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
xi − xj

)2
+
(
yi − yj

)2
√

(11)  

where num represents the number of nodes within the analyzed model, 
where for the ith node, the ri was the average distance between itself and 
other nodes through coordinates (xi, yi) and (xj, yj). 

A set of Gauss points was constructed within the background mesh. 
In this study, 2 × 2 Gauss points were set in each background mesh, and 
their coordinates (xgi,k, ygi,k) (k represents the kth background mesh) 
could be calculated with the background mesh’s coordinates (xbi,k, ybi,k). 
The above Gauss point was fixed to the background mesh, and its 
location remained constant throughout the analysis; hence, it was 
referred to as the fixed Gauss point. The fixed Gauss points were utilized 
for interpolation, integration, and establishing equation processes. Fig. 1 
depicts a schematic of the background mesh and fixed Gauss point. 

In contrast to FEM, a portion of the fixed Gauss points was positioned 
outside the analyzed model and did not contribute to matrix and vector. 
The shape function of the Gauss points inside the model could be 
calculated through the nodes within its supporting domain. The distance 
between the ith fixed Gauss point and the mth node was calculated, and 
if the distance was less than the supporting domain radius di of the ith 
fixed Gauss point, we concluded that the mth node was set inside the 
supporting domain of the ith Gauss point, according to 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
xgi,k − xi

)2
+
(
ygi,k − yi

)2
√

⩽alfs × rmi (12) 

Fig. 1. Schematic of the fixed Gauss points on the basis of the background mesh.  
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rmi = {r(xi, x1), ..., r(xi, xnum)}min r
(
xi, xj

)
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
xi − xj

)2
+
(
yi − yj

)2
√

i ∕= j

(13)  

where alfs represents the coefficient of the supporting domain; in this 
work, alfs equals 3, according to the findings of Liu and Gu (2001). The 
impact of alfs values on the precision of MFLLDM will be discussed in a 
subsequent section. Fig. 2 shows the nodes within the supporting 
domain of a fixed Gauss point. 

The displacement vector of each fixed Gauss point could be 
expressed by the nodes within its supporting domain: 

u(x) =
∑num′

i=1
R(r)ai +

∑m

j=1
p(x)bj (14)  

where ai and bj are constants to be solved in the RBF shape function, r is 
the distance vector between a node and a fixed Gauss point, and num’ is 
the number of nodes within the supporting domain. 

R(r) served as the radial basis matrix, and the contents of the matrix 
in the ith row and jth column could be calculated as follows: 

R(r)ij =
(
rij + cdav

)q (15)  

where dav is the average nodal distance, rij denotes the distance between 
the ith and jth nodes, c and q are constant parameters, with c = 3, q =
1.03 based on the values obtained from research conducted by Liu and 
Gu (2001). The impact of these parameter values on the precision of 
MFLLDM will also be examined through a subsequent numerical 
example. The multi-quadric (MQ) radial basis was adopted in this work, 
with p(x) being the additional linear bases vector, and m = 3. The linear 
bases vector was [1 x y]. 

To calculate the shape function, the following equation in matrix 
form was established: 
[

u
0

]

=

[
R(r) p(x)
pT(x) 0

]

×

[
A
B

]

(16) 

The matrices in the above equation could be expressed as follows: 

R(r)T
=

⎡

⎢
⎢
⎣

R(r11) R(r12) ... R(r1num′)

R(r21) R(r22) ... R(r2num′)

... ... ... ...

R(rnum′1) R(rnum′2) ... R(rnum′num′)

⎤

⎥
⎥
⎦ (17)  

p(x)T
=

⎡

⎣
1 1 ... 1
x1 x2 ... xnum′

y1 y2 ... ynum′

⎤

⎦ (18)  

[A B ]
T
= [ a1 a2 ... anum′ b1 b2 b3 ] (19) 

After solving the above equations, the constant matrices A and B 
could be expressed as follows: 

A = Saue = R− 1(r)[I − p(x)Sa]ue (20)  

B = Sbue =
[
pT(x)R− 1(r)p(x)

]− 1pT(x)R− 1(r)ue (21)  

where ue is the vector of nodal displacements and I is the unit matrix. 
Subsequently, the shape functions could be expressed as follows: 

u(x) =
[
RT(r)Sa + pT(x)Sb

]
ue = ϕuue = {ϕ1 ϕ2 ... ϕnum′ }ue (22)  

where ϕu is the shape function vector of a selected fixed Gauss point, 
with its dimension equal to the number of nodes within its supporting 
domain. In this work, the displacement shape functions ϕu were equal to 
the pore pressure shape functions ϕp. 

The matrix and vector in Equations (9) and (10) could be calculated 
as follows. The Rayleigh damping was adopted to calculate the damping 
matrix in this manuscript. Although the elasto-plastic constitutive model 
was employed to represent soil damping in Section 4.3 and Section 5, a 
certain amount of Rayleigh damping was also applied to enhance sta
bility for dynamic analysis. 

K =

∫∫

Ω
BT DBdΩ (23)  

M =

∫∫

Ω
NT ρNdΩ (24)  

C = αM + βK (25)  

H =

∫∫

Ω

BT kBdΩ (26)  

S =

∫∫

Ω
NT 1

Q
NdΩ (27)  

Qfs =

∫∫

Ω

NT mT BdΩ = QT
sf (28)  

F1 = Fb +Ft =

∫

Γ
NTf tdΓ+

∫∫

Ω

NTf bdΩ (29)  

F2 =

∫

Γ
NTvndΓ+

∫∫

Ω

BTkf bdΩ (30)  

where 

N =

[
ϕ1 0 ... ϕnum′ 0
0 ϕ1 ... 0 ϕnum′

]

N = [ϕ1 ϕ2 ... ϕnum′ ] (31)  

Fig. 2. The nodes within the supporting domain of a fixed Gauss point.  
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B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂ϕ1

∂x
0 ⋯

∂ϕnum′

∂x
0

0
∂ϕ1

∂y
⋯ 0

∂ϕnum′

∂y
∂ϕ1

∂y
∂ϕ1

∂x
⋯

∂ϕnum′

∂y
∂ϕnum′

∂x

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

B =

⎡

⎢
⎢
⎢
⎣

∂ϕ1

∂x
∂ϕ2

∂x
...

∂ϕnum′

∂x
∂ϕ1

∂y
∂ϕ2

∂y
...

∂ϕnum′

∂y

⎤

⎥
⎥
⎥
⎦

(32) 

By solving the above equations under small deformation framework, 
the nodal information (displacement, pore pressure, velocity, and ac
celeration) and the Gauss point information (stress, strain, and consti
tutive values) could be obtained. Then the Eulerian step was conducted, 
and the nodal coordinates were updated with the nodal displacement 
with Equation (33). 

(xi, yi)
′
= (xi, yi)+

(
ui,x, ui,y

)
(33)  

where the superscript denotes the model state after deformation, and (ui, 

x, ui,y) denotes the solved nodal displacement in the Lagrangian step. 
The coordinates of the fixed Gauss points remained unaltered 

throughout the analysis, and the Gauss point field variables could not be 
redistributed during large deformation. Consequently, another set of 
moving Gauss points was established within the same background mesh, 
and the moving Gauss points shared the same coordinate and field 

variable information as the fixed Gauss points. As shown in Fig. 3, the 
coordinates of the moving Gauss point changed with nodal displacement 
through RBF: 
(
xgi,k, ygi,k

)′
=

(
xgi,k, ygi,k

)
+{ϕ′

1 ϕ′
2 ... ϕ′

num′ }
(
ui,x, ui,y

)
(34)  

where ϕ’
i is the value of the mapping function based on RBF between the 

moving Gauss points and nodes, and its calculation process was the same 
as ϕi in Equations (14) – (22). Because the moving Gauss point shared 
the same coordinate with the fixed Gauss point, the value of ϕ’

i was equal 
to the value of ϕi. 

Because the moving Gauss point coordinates already changed, inte
gration was no longer appropriate. The fixed Gauss point did not 
consider the redistribution of field variable information and was also 
unsuitable for integration. Thus, two different types of field variables 
information (including: stress, strain, constitutive model variables) 
transmission techniques (between moving and fixed Gauss points) for 
MFLLDM are provided. The stress, strain, and constitutive model vari
ables of moving Gauss points after deformation are calculated using an 
RBF-based mapping technique, as depicted in Fig. 4. The mapping 
equations are given in equations (35) and (36). 

(σi, εi)
′
=

{
ϕ′

g1 ϕ′
g2 ... ϕ′

gnum′
}
[(σi, εi) + Δ(σi, εi)] (35)  

Fig. 3. The updated coordinate of moving Gauss point according to nodal displacement.  

Fig. 4. Field variable information mapping from the moving Gauss points to the fixed Gauss points.  
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κ′
i =

{
ϕ′

g1 ϕ′
g2 ... ϕ′

gnum′
}

κi (36)  

where (σi, εi) andΔ(σi, εi) are the current and increased stress and the 
strain of fixed Gauss points, respectively, κ represents the constitutive 
model variables vector, (σi, εi)’ and κ’ are the field variable information 
of moving Gauss points after deformation, and ϕ’

gi is the mapping 
function between the moving Gauss points and fixed Gauss points, with 
a similar calculation process as ϕi. 

The constitutive model variables of Gauss points are directly related 
to their stress and strain, the mapping process described in equation (36) 
fails to reflect this relationship effectively. As a result, type 1 was unable 
to ensure the consistency condition at the Gauss points throughout the 
deformation. In type 2, the calculation process of stress and strain at 
moving Gauss points is consistent with type 1 (equation (35)). However, 
the constitutive model variables for moving Gauss points are determined 
by the mapped stress, mapped strain of moving Gauss points, and 
constitutive model variables of fixed Gauss points (which contain in
formation on stress histories), as shown in equation (37). In contrast to 
equation (36), equation (37) considers the correlation among the field 
variables information and can guarantee the consistency condition of 
the Gauss points. 

κ′
i = f

(
σ′

i, ε′
i, κi

)
(37) 

However, in this method, a 5 % shape function relative error value 
was established as the mapping criterion (conducting in the following 
section), the non-consistency error in the mapping process of this 
method was controlled and the computational precision could also be 
guaranteed. To further substantiate this conclusion, we conducted a 
comparative analysis of the shear stress time history curve of a Gauss 
point under seismic load in Section 5 (type 1 vs. type 2). 

Mentionable, due to the error caused by the mapping process (Bar
denhagen, 2002) of the field variable information (strains, stresses, and 
field variables) between moving and fixed Gaussian points, the proposed 
method suffered from energy dissipation (Kafaji, 2013, Martinelli and 
Galavi, 2022). However, in this method, a relatively brief time interval 
(for implicit analysis) was utilized. Meanwhile, the mapping error was 
considered an unbalanced force in the subsequent calculation step for 
iteration, as shown in Equations (38), where fun

1, fun
2 is the unbalanced 

nodal external load vector corresponding to the solid or fluid in previous 
calculation step. As a result, the energy dissipation was controlled 
within a certain range, ensuring the accuracy of the simulation. 

Mü+Cu̇+Ku − Qsf p − f 1 − f 1
un = 0 Qfsu̇+Sṗ+Hp − f 2 − f 2

un = 0 (38) 

Following the mapping process, the moving Gauss point was restored 
to its initial coordinates for the subsequent calculation step. In conclu
sion, the information regarding displacement, velocity, acceleration, 
and pore pressure was re-distributed with the nodes during large 
deformation analysis. Meanwhile, the stress, strain, and constitutive 
values were re-distributed with the Gauss point using RBF-based map
ping technology. The above processes demonstrated that the proposed 
method could be effectively applied to solve liquefaction-induced large 
deformation problems. 

2.2. Automatic time-step mapping 

In dynamic analysis, the equations had to be discretized in time, and 
the generalized Newmark method (Newmark, 1959) was adopted. The 
relationship between time t and t+Δt is given by 

üt+1 = üt +Δüt u̇n+1 = u̇n + ünΔt+ β1ΔünΔtut+1

= ut+u̇tΔt +
1
2

ütΔt2 +
1
2
β2ΔütΔt2 (39)  

ṗt+1 = ṗt +Δṗt pt+1 = pt + ṗtΔt+ β1ΔṗtΔt (40) 

To ensure the accuracy and convergence of dynamic analysis, the 

time-step in Equations (39) and (40) was relatively small. For large-scale 
geotechnical engineering, 0.01 s has typically been used. Therefore, 
2000 steps were required for the dynamic analysis of a 20 s seismic load. 
If RBF-based field variable mapping in the proposed method was per
formed in each computational step, the computational burden would 
significantly increase, and the accumulation of mapping errors would 
increase the number of unbalanced force iterations. Thus, in this study, 
we presented the mapping judgment criterion based on the relative error 
of shape function, which realized the mapping of field variable infor
mation in the time-step of a larger dynamic response, and we did not 
carry out mapping in the time-step of a smaller dynamic response. The 
relevant formula is shown in Equation (41), which established a 
liquefaction-induced large deformation method with automatic step 
mapping and improved the computational efficiency under truncation, 
under the premise of guaranteeing precision, and the realization flow of 
the automatic step mapping is shown in Fig. 5. 

η =
1

ngauss

∑
ηi ηi =

1
n′

i

∑
⃒
⃒
⃒
⃒
ϕi,pre − ϕi,post

ϕi,pre

⃒
⃒
⃒
⃒ (41)  

where η denotes the average error within the analysis domain, ηi denotes 
the relative error of the shape function between pre-deformation ϕi,pre 

and post-deformation ϕi,post at the ith fixed Gauss point, ngauss, n’
i are the 

number of fixed Gauss points within the analysis domain and the 
number of nodes in the supporting domain of a Gauss point, 
respectively. 

As shown in Fig. 5, the setting of the relative error value had a direct 
effect on automatic time-step mapping. When the setting value was 
small, it could not effectively reduce the number of mapping times and 
iterations, and when the setting value was large, it could not reflect the 
influence of geometric model changes on the simulation results. Marti
nelli and Galavi (2021) adopted a similar automatic time step mapping 
strategy in the material point method and effectively reduced the 
computational time by approximately 50 %. Consequently, numerical 
examples were employed in the following sections (Section 4.1 and 
Section 5) to quantify the impact of the automated time step mapping 
strategy on the accuracy and efficacy of the simulation, and we proposed 
a suggested value of mapping criterion. 

Fig. 5. Implementation of automatic time-step mapping.  

J. Gong et al.                                                                                                                                                                                                                                    



Computers and Geotechnics 171 (2024) 106351

7

2.3. Interface zone interpolation improvement 

Localized characteristics and behavior in the interface zone between 
two materials will substantially differ from those within one material. 
Thus, if the shape function near the interface was still calculated in 
accordance with Equations (14) – (22), the localized characteristics and 
behavior would not be accurately reflected. To more effectively capture 
the mechanical behavior of the near-interface soil during the 
liquefaction-induced large deformation analysis, the domain truncation 
optimization and local nodal refinement algorithm were constructed to 
improve the calculation of the shape function. (1) The supporting 
domain of Gauss points at the near-interface zone only searched the 
nodes within one material zone, to reduce the influence of the nodes in 
another material when calculating the shape function. (2) We also 
appropriately increased the number of nodes in the zone near the 
interface to achieve local nodal refinement and to more accurately 
reflect the local stress gradient. (3) Based on the above algorithms, the 
value of shape function was then optimized according to the number of 
nodes within the supporting domain using the following equation: 

ϕt =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
1 −

∑np
k=1ϕp

ϕm i = 1, 2...nm

np

nt
ϕp

(42)  

where ϕt denotes the shape function of a Gauss point at the nodes within 
its supporting domain, including ϕp, the shape function at the shared 
nodes on the interface between two materials zone, and ϕm, the shape 
function at the nodes in the same material zone with the Gauss point, 
and nt, np, and nm reflect the relevant number of nodes. 

Fig. 6 shows the comparison of the calculated shape function (pre- 
improvement ϕpre vs post- improvement ϕpost) near the interface zone. 
The values of the shape function of a selected Gauss point were sum
marized, as shown in Equation (43), with the number of columns in the 
vectors equal to the number of nodes in the supporting domain. 

ϕpre ={− 0.08 0.92 − 0.08 − 0.02 0.18 − 0.02 − 0.01 0.12 − 0.01}
(43-1)  

ϕpost = { − 0.01 0.14 − 0.01 0.02 0.87 0.02 − 0.04 0.05 − 0.04 }
(43-2) 

The comparison showed that the nodes in the near-interface zone 
had more influence on the value of the shape function after considering 
the above modifications, which could more realistically reflect the 
characteristics and behavior of the near-interface zone, and further 
comparisons were verified in the subsequent numerical examples. 

2.4. Lumped mass matrix calculation 

The mass matrix serves as a crucial component matrix for solving the 
equilibrium equation (Equation (9)), with its calculation method 
directly affecting the accuracy of the analysis. In Equation (24), the 
calculated M served as the coordinated mass matrix, and its matrix 
bandwidth was large, which was not conducive to the process of storage 
and inverse matrix process. Therefore, the lumped mass matrix has 
typically been utilized rather than the coordinated mass matrix in 
computational methods, such as FEM. The lumped mass matrix serves as 
a diagonalized matrix under the assumption that the model mass will be 
centrally distributed at each node, and the same concept could be 
applied to MFLLDM. The row-element summation method was adopted 
to obtain the lumped mass matrix in Equation (44) with the following 
mechanical significance. The main element of each row was equal to the 
sum of all elements in the row of the coordinated mass matrix, and the 
value at the non-main element was equal to zero: 

(Ml1 ) ij =

{ ∑ne

k=1
(M)ik =

∑ne

k=1

∫

Ω
ρNT

i NkdΩ i ∕= j

0 i = j
(44) 

Compared to the linear shape function used in FEM, the proposed 
MFLLDM used the RBF high-order shape function to calculate the mass 
matrix. Therefore, if the lumped mass matrix was calculated according 
to Equation (44), the lumped mass matrix at the corner nodes would 
have negative values, which was mechanically unreasonable and would 
have a significant impact on the accuracy of the dynamical calculations, 
and even lead to the divergence of the results. This section adopted the 
scaled diagonal element method based on the conservation of mass law 
to calculate the lumped mass matrix as follows, which avoided the 
negative value of the lumped mass matrix at the corner nodes 

(Ml2 ) ij =

{
a(M) ii = a

∫

Ω
ρNT

i NidΩ i ∕= j

0 i = j
(45) 

Fig. 6. Schematic showing the improved shape function near the interface between two materials.  

Table 1 
Comparison of the two lumped mass matrices.  

(a) calculated by the row-element summation method 

Nodal number 1 2 3 4 5 6 7 8 
Value of main element − 0.35 1.35 − 0.35 1.35 − 0.35 1.35 − 0.35 1.35 
(b) calculated by scaled diagonal element method 
Nodal number 1 2 3 4 5 6 7 8 
Value of main element 0.14 0.86 0.14 0.86 0.14 0.86 0.14 0.86  
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a
∑ne

i=1
(Ml2 ) ii = ρΩId (46) 

The mechanical significance of Equation (45) was that the main 
element of each row in the lumped mass matrix was equal to the main 
element of the coordinated mass matrix multiplied by the scaling factor, 
whereas the value of the non-main element was zero. The value of the 
scaling factor was determined by the mass conservation of the model. 

To compare the two lumped mass matrices, an 8-node model with 
the following nodal coordinates is utilized in this section: 1st node (0 m, 
0 m), 2nd node (1 m, 0 m), 3rd node (2 m, 0 m), 4th node (2 m, 1 m), 5th 
node (2 m, 2 m), 6th node (1 m, 2 m), 7th node (0 m, 2 m), and 8th node 
(0 m, 1 m). Assuming the density of the material is 1 kg/m3, the size of 
the background mesh is 1 m × 1 m, and one Gauss point is set in each 
background mesh, the mass matrices computed by using Equations (44) 
(row-element summation method) and (45) (scaled diagonal element 
method) are summarized in Table 1. 

By comparing the above results, we found that the lumped mass 
matrix calculated by using Equation (44) had a negative value at the 
corner node, which would have a significant impact on the accuracy of 
the dynamics analysis. This impact was verified in the following nu
merical examples, and the lumped mass matrix was calculated using 
Equation (45) throughout the remainder of this work. 

3. Numerical implementation of MFLLDM 

As mentioned above, the numerical process of the proposed method 
was analogous to that of FEM, allowing for the full utilization of well- 
established FEM program codes. In this work, the MFLLDM was 

integrated into custom-developed FEM calculation system GEODYNA 
(Qu et al., 2020, Gong et al., 2021, Gong et al. (2020)), based on object- 
oriented and super element program technique with C++ language, 
which has effectively conducted static and dynamic analysis for various 
geotechnical projects. Consequently, the proposed method could 
directly invoke the constitutive models, loaders, and solvers in FEM, 
significantly expanding its application range and reducing its pro
gramming. Fig. 7 illustrates the numerical implementation of the pro
posed method. 

According to the above numerical implementation, we concluded 
that the proposed method had the potential to couple analysis with FEM. 
Meanwhile, we observed that the proposed method was more compli
cated and time-consuming than FEM, according to the following nu
merical implementation processes including shape function calculation, 
and field variable mapping. Therefore, coupled MFLLDM-FEM could 
address the relatively low computational load of MFLLDM. 

In this paper, the MFLLDM was used to simulate the potential large 
deformation region, while FEM was used to simulate the other region 
(relatively small deformation). Coupled MFLLDM-FEM analysis at the 
matrix level was also accomplished by using the shared nodes at the 
coupled boundaries. To ensure displacement coordination, the nodal 
coordinates in the FEM zone were updated after each calculation step. 
Subsequently, the proposed method provided an efficient technological 
approach for liquefaction-induced large deformation analysis in 
geotechnical engineering. 

Fig. 7. Numerical implementation of MFLLDM.  
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4. Numerical examples 

4.1. Simulation of consolidation problems in a saturated soil column 

Using MFLLDM and the relevant program, a numerical analysis was 
performed to verify the accuracy and convergence of the proposed 
method for consolidation problems in saturated soil columns under 
static stresses (Yuan et al., 2019, Di and Tang, 2007). Fig. 8 shows the 
geometric model of the soil columns with a height of H = 10 m and 
width of L = 4 m. To compare the simulated results between small 
deformation analysis and large deformation analysis, the FEM model 
was established for small deformation analysis, as shown in Fig. 9 (a), 
with an average mesh size of 0.5 m × 0.5 m. Fig. 9 (b) shows the 
meshfree model with the same nodal distribution as in Fig. 9 (a), with 
the background mesh covering the entire model with a size of 0.5 m ×
0.5 m. In addition, to study the sensitivity of the proposed method with 
different nodal distributions during large deformation analysis, a model 
with flexible nodal distribution was established, as shown in Fig. 9 (c), 
with the same total number of nodes and background mesh as in Fig. 9 
(b). All nodes in each model were constrained horizontally, and the 
nodes at the bottom boundary were additionally constrained vertically. 
The side and bottom boundaries of the model were undrained, while the 
top boundary was defined as drained. In this section, the effect of 
automatic step mapping is discussed, and the relative error of the shape 

function is first set as zero, which represents the field variable mapping 
process conducted in each calculation. 

The solid-phase medium of the soil column was simulated using a 
linear elastic model with an elasticity modulus of E = 1 GPa, Poisson’s 
ratio of v = 0.0, porosity of n = 0.3, and permeability coefficient of k =
0.01 m/s, and the liquid phase was assumed to be an incompressible 
medium. As shown in Fig. 10, a uniform load T was applied to the upper 
surface of the soil columns, and four working conditions were adopted: 
T = 0.2E, T = 0.4E, T = 0.6E, and T = 0.8E, with Δt set as 0.005 s. The 
analytical solution for a one-dimensional finite-elastic consolidation 
problem considering large deformation was introduced (Gibson et al., 
1967). The results demonstrated that compared to conventional FEM 
small deformation analysis, MFLLDM showed excellent agreement with 
Gibson’s analytical solution of soil column consolidation, which vali
dated the accuracy of the proposed method. Comparing the calculation 
results of models (b) and (c) revealed that MFLLDM was stable and the 
nodal distribution had less of an impact on the calculation results. 

The convergence study of MFLLDM was conducted by adding four 
models with average nodal distances of 0.125, 0.25, 1, and 2 m, based on 
Fig. 9 (b). Table 2 presents a summary of the normalized settlement at 
the upper surface of the soil column under load T = 0.8E, with relative 
deviations calculated using the 0.125 m model as the standard. The 
results indicated that the proposed consolidation problem had accept
able convergence. 

The value of the supporting domain coefficient alfs, as well as shape 
function coefficients c and q, was subsequently investigated. First, the 
model in Fig. 9 (b) was adopted with load T = 0.8E. Subsequently, 
additional cases were established using alfs values of 1, 1.5, 2, 2.5, …, 
4.5, and 5 (with c = 3, q = 1.03). Compared to the analytical results for 
ultimate settlement at the upper surface, Fig. 11 provides a summary of 
the relative error for the above various cases. With the increasing value 
of alfs, more nodes were included within the supporting domain of a 
fixed Gauss point, and sufficient nodes were required to guarantee the 
simulation precision. Conversely, an excessive number of nodes could 
result in an increase in the dimension of the matrices related to the shape 
function, thereby imposing a computational burden. These findings 
suggested that a relative error of approximately 2 % could be controlled 
when alfs was greater than 3; therefore, in this manuscript, alfs was 
equal to 3. 

Then, the study of parameters c and q was conducted. The range of 
value c was (with q = 1.03, alfs = 3) [0.5, 5] with an interval of 0.5, and 
Fig. 12 shows the relative error under different cases. When the value of 
c was greater than 3, satisfactory simulation results could be obtained. In 
the same manner, the value of q was also examined, and the range of 
value q (with c = 3, alfs = 3) was [0.5, 4.5], with an interval of 0.1. 
According to the study of Liu and Gu (2001), the shape function may 
have encountered singular phenomena when q was an integer. Thus, in 
this examination, the adjacent value was substituted for the integer (for 
example, taking 0.95, 0.96…0.9 and 1.01, 1.02…1.05 rather than 1). 
Thus, we could conclude from the results in Fig. 13 that the relative error 
was minimal when q was set between [0.96, 0.98] and [1.03, 1.04]. 
Consequently, c = 3 and q = 1.03 were reasonable. 

Subsequently, an investigation was carried out on the impact of the 
automated time step mapping strategy. Using the model shown in Fig. 9 
(b), six additional cases were introduced with load T = 0.8E. These 
additional cases were selected by setting the mapping criterion values to 
1 %, 2.5 %, 5 %, 7.5 %, 10 %, 15 %, and 20 %. Table 3 presents a 
summary of the simulation results (normalized displacement at the top 
surface), relative deviation, and normalized time. These findings 
demonstrated that the smaller judgment criteria values had a minimal 
impact on computing efficiency, but larger judgment criterion values led 
to decreased accuracy. Therefore, in a subsequent study, a judgment 
criterion value of 5 % was suggested, which resulted in a reduction of 
approximately 30 % in computing time while maintaining sufficient 
precision. 

A summary of the vertical settlement at the top surface of soil 

Fig. 8. Geometric model of a saturated soil column.  
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columns with consolidation time factor Tv is provided in Fig. 14, and the 
results computed using FEM small deformation analysis with model (b) 
are illustrated in Fig. 14 (a). Fig. 14 (b) concludes the large deformation 
results calculated by MFLLDM analysis with model (c). For comparison, 
the analytical results considering the large deformation presented by Xie 
and Leo (2004) are also provided. The MFLLDM results showed satis
factory agreement with the analytical results, which also validated the 
accuracy of the proposed method. 

The curve trend in Fig. 15 followed a similar pattern for the above 
two simulations; however, in the small deformation analysis with FEM, 
the settlement value was obviously overestimated. We concluded that 
when the load was small, relative deviation between the large defor
mation and small deformation calculation results could be maintained 

Fig. 9. Nodal/mesh model of saturated soil column.  

Fig. 10. Comparison of the final vertical settlement for saturated soil column.  

Table 2 
Convergence study of MFLLD in this simulation.   

0.125 m 0.25 m 0.5 m 1 m 2 m 

W/H 0.554  0.554  0.553  0.543  0.526 
Relative deviations /  0.08 %  0.17 %  2.16 %  5.05 %  

Fig. 11. The relative error of final settlement at the upper surface with 
different alfs. 
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below 10 % at two typical time factors. However, as the load increased, 
relative deviation between the two analyses progressively increased and 
could reach 30 %. 

4.2. Simulation of transient response problem in a saturated elastic half 
space 

The accuracy of the proposed MFLLDM was validated in Section 4.1 
with the consolidation issue, and this section presents a simulation of 
saturated elastic half space subjected to a uniform surface loading to 
discuss the precision and applicability of MFLLDM in dynamic problems. 
The purpose of this was to examine the accuracy and suitability of the 
MFLLDM in dynamic transient response issues. Fig. 16 (a) shows a 
sketch of the saturated elastic half space. The analytical solution of this 
issue under small deformation conditions was provided by Boer (1993), 

Simon et al. (1984), whereas Diebels and Ehlers (1996) presented 
simulation results under large deformation conditions, with both results 
included in this section for comparison. The meshfree nodal model 
utilized in this section is shown in Fig. 16 (b) with a height of H = 100 m 
(decrease in the influence of boundary effect) and width of L = 5 m. The 
average nodal distance was 1 m and the size of the background mesh was 
1 m × 1 m. The displacement at the bottom and the horizontal 
displacement of the side surface were fixed, and the pore pressure at the 
surface was set as zero while the side surface was set to be impermeable. 

The analytical solution to this problem was provided by Boer (1993) 
under small deformation conditions, considering both the solid particle 
and fluid as incompressible materials. This section adopted the same 
material parameters as previous research, as shown in Table 4. The 
employed cyclic surface loading function was f(t) = 3 (1-cos75t) kPa, 
with a time interval of 0.01 s. 

Fig. 17 displays a comparison between the results obtained from the 
MFLLDM method and the analytical method regarding the development 
of pore pressure at a depth of 1 m below the surface of the half space. The 
well-corresponded results demonstrated the accuracy of MFLLDM in 
analyzing the dynamic behavior of saturated elastic porous media. 

Diebels and Ehlers (1996) provided formula derivations and simu
lation results under large deformation conditions, with two types of 
applied loads: f1(t) = F (1-cos75t) kPa, f2(t) = Fh(t) kPa (h(t), and a 
Heaviside function of h(t) = 1 if t ≥ 0 and h(t) = 0 if t < 0). The simu
lation in this section utilized the material parameters provided by Die
bels and Ehlers (1996). Initially, the value of F was assigned as 3. A 
comparison of the top surface vertical displacement development under 
two different load conditions is presented in Fig. 18 and Fig. 19. The 
results demonstrated a high level of concurrence with the previous study 
under both loading conditions. 

When F = 3, the vertical displacements on the top surface were 
relatively insignificant under both loading conditions. To validate the 
performance of MFLLDM in large deformation analysis more effectively, 
the amplitude F values in load f2(t) were increased to 2000, 6000, and 
8000. Fig. 20 displays the relative error between small deformation and 
large deformation analysis. The results obtained by Diebels and Ehlers 
(1996) were also included for comparison. Differences between the 
above two results were observed at 0–1 s; however, the trends of the two 
results after 1 s and the final displacement were highly consistent. The 
comparison results once again confirmed the accuracy and capability of 
MFLLDM. The work conducted in this section served as an important 
foundation for subsequent studies in Sections 4.3 and 5. 

4.3. Experimental numerical simulation of LEAP centrifuge 

As shown in Section 4.1 and section 4.2, the accuracy of MFLLDM in 
the consolidation and dynamic problems was validated. In this section, 
numerical simulations of centrifuge experiments were conducted to 
further validate the accuracy of the proposed method in dynamic anal
ysis for saturated soil and its applicability to the soil generalized elasto- 
plasticity model. The Liquefaction Experiment and Analysis Projects 
(LEAP) was formed in 2015, consisting of Zhejiang University (ZJU), the 
University of Cambridge (CU), Rensselaer Polytechnic Institute (RPI), 
and six other research institutes. In this project, the above institutions 
conducted centrifuge modeling experiments on a sand slope foundation 
with identical specifications to provide high-quality experimental data 
for numerical analysis related to liquefaction (Manzari et al., 2018). 

The slope foundation was 20 m wide, the slope angle was 5 m, and 

Fig. 12. The relative error with different c.  

Fig. 13. The relative error with different q.  

Table 3 
Comparison analysis with different judgment criterion values in automatic time-step mapping.   

0 % 1 % 2.5 % 5 % 7.5 % 10 % 15 % 20 % 

W/H 0.553  0.554  0.557  0.557  0.559  0.562  0.579  0.591 
Relative deviation /  0.18 %  0.54 %  0.55 %  1.08 %  1.63 %  4.70 %  7.25 % 
Normalized time 1 (6.2 h)  0.92  0.83  0.72  0.69  0.67  0.64  0.62  
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the diameters of the two sides, as well as the middle of the foundation, 
were 4.875 m, 3.125 m, and 4.0 m, respectively. In this section, we 
selected the arrangement of displacement, pore pressure, and accelera
tion sensors of the RPI centrifuge (Fig. 21). The corresponding experi
mental results (Kokkali,et al., 2018) served as a reference for comparing 
the subsequent numerical simulations. As shown in Fig. 22, a model with 
MFLLDM nodes was established, and the average displacement of the 
nodes was set to 0.4 m, while the background mesh size was set to 0.25 
m. 

In the LEAP test, the Ottawa F-65 sand was utilized, and Vasko 
(2015) conducted a detailed test on this material. In this section, the 
generalized elasto-plastic soil model was used to simulate the charac
teristics of Ottawa sand. The relevant material parameters are shown in 
Table 5 with a pore ratio of e = 0.572, and the dry density of the sand 
was 1,652 kg/m3. The horizontal and vertical permeability coefficients 
were taken as k = 1.2 × 10-4 m/s, and the frequency independent 
damping ratio of the soil was set as a value of 2 %, the generalized elasto- 
plastic theory is briefly presented in Appendix A. Dynamic calculations 

were performed with a sinusoidal wave of variable amplitude (Motion 
2), as depicted by the acceleration time curve in Fig. 23. The peak ac
celeration was 0.15 g, the time duration was 20 s, and the integration 
step was 0.01 s. For a more accurate simulation of the development and 
dissipation of pore water pressure after adynamic load, the calculation 
time in this section ranged from 0 to 90 s (total of 9000 steps), and the 
value of judgment criterion was set to 5 %. 

In this simulation, static analysis was conducted under gravity, and 
the calculated results served as the initial stress for the dynamic analysis. 
Fig. 24 shows the comparison between the simulation results with 
MFLLDM at the locations of acceleration sensors AH1–AH4 and exper
imental acceleration (0 – 20 s) in RPI. The results indicated that the 
dynamic response trend at the top and bottom of the slope foundation 
was consistent with the experimental results (Kokkali,et al., 2018); 
however, the simulation results for the top surface deviated from 
experimental acceleration after 10 s when compared to the bottom 
surface. Fig. 25 shows a comparison of the simulation results with 
MFLLDM at the pore pressure sensors P1–P4 and the experimental 
excess pore water pressure (0–90 s) in RPI. Both results demonstrated 
the cyclic cumulative increase in EPWP with increasing dynamic load 
and its progressive dissipation after dynamic load. At the bottom of 
foundation P1, water pressure transferred to the top drainage boundary 
immediately after dynamic load, and we observed that it immediately 
dissipated after 20 s. By contrast, at the top of foundation P4, EPWP 
dissipated more slowly due to the above transfer from the bottom soil. 

Fig. 26 shows the comparison between the simulated and experi
mental permanent deformation induced by dynamic load at point D1, 
where the simulated result of 12.2 cm was close to the experimental 
result of 13.6 cm. The figure also shows the simulation results using 
Equation (44) (with the row-element summation method). Due to the 
adoption of a high-order shape function in MFLLDM, as noted in Section 
2.2, the lumped mass matrix calculated by Equation (45) possibly con
tained negative values at the corner nodes, which severely impacted the 
stability of the calculation. As shown in Fig. 26, the dynamic results 
diverged at approximately 5 s, proving the necessity of modifying the 
calculation of the lumped mass matrix using Equation (45). 

The EPWP of the slope foundation after dynamic load (20 s) is 
depicted in Fig. 27. As the soil depth increased, the pore pressure pro
gressively increased, with the maximum value exceeding 30 kPa at the 
base of the foundation. Fig. 28 shows the nodal deformation at 20 s. In 
the horizontal direction, the foundation deformed to the right (the 
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Fig. 14. Curve of vertical settlement vs. consolidation time factor.  

Fig. 15. Relative deviation between small deformation and large deformation 
analyses in this simulation. 
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maximum value was 12.2 cm). In the vertical direction, the left side of 
the foundation descended with a maximum value of 13.8 cm, and the 
right side was elevated with a maximum value of 7.5 cm. The calculation 
results were consistent with the deformation pattern and distribution of 
EPWP determined by Ghofrani and Arduino (2018) and Reyes et al. 
(2021). 

Subsequently, we validated the accuracy of the proposed MFLLDM in 
dynamic analysis, and its applicability to the soil generalized elasto- 
plasticity model, providing effective technical analysis for the numeri
cal simulation of liquefaction deformation and its safety evaluation. 

5. Application of liquefaction-induced large deformation 
analysis for San Fernando dam 

In this section, the proposed method was applied to the simulation of 
liquefaction damage on the San Fernando dam, reproducing the phe
nomenon of significant liquefaction-induced deformation on the up
stream slopes under the action of a strong seismic load. In the 1971 San 
Fernando earthquake, the lower San Fernando earth dam sustained se
vere liquefaction damage, which has been extensively studied by 
numerous researchers (Hosseinejad et al., 2019, Wu et al., 2021, Huang 
and Xiong, 2017, Shantaram et al., 1976). Seed et al. (1975) noted that a 
significant quantity of soil liquefaction occurred in the zone between the 
dam body and the foundation. Consequently, the resistance of the soil 
was insufficient to sustain the driving force, causing upstream land
slides. Actual earthquake damage indicated that the vertical settlement 
of the dam body and the horizontal displacement of the upstream slope 
were close to 20 m (Fig. 29), presenting a typical liquefaction-induced 
large deformation issue. Subsequently, MFLLDM was used to repro
duce the damage phenomenon and locate the distribution of high pore 
pressure ratio regions in the dam body. 

The height of the lower San Fernando dam was 44 m, and the width 
of the crest was 6.1 m. The geometric model and material distribution 
are shown in Fig. 30. As indicated in the diagram, the downstream 

Fig. 16. Sketch and nodal discretization of the transient response problem in a saturated elastic half space.  

Table 4 
Material parameters of the linear elasticity model for the saturated elastic half 
space.  

E/MPa v n ρs/(Kg/m3) ρf/(Kg/m3) k/(m/s) 

30  0.2  0.333 2000 1000  0.01  

Fig. 17. Comparison of the pore pressure located 1 m below the surface of the 
elastic half space. 

Fig. 18. Comparison of surface vertical displacement with f1(t) (F = 3).  

Fig. 19. Comparison of surface vertical displacement with f2(t) (F = 3).  
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weight zone was placed to reinforce the dam, and when the earthquake 
occurred, the water level upstream of the dam was 338.1 m (33.1 m from 
the dam’s foundation). According to previous studies (Seed et al., 1975, 
Ming and Li, 2003), the phreatic line inside the dam body was also 

present in Fig. 30, and the zone below the phreatic line was considered 
saturated soil throughout this analysis. The bottom and two sides of the 
dam’s foundation were set as undrained boundaries, while the remain
ing boundaries and phreatic line were considered drained boundaries. 

Fig. 20. Comparison of relative error with f2(t) (F = 3, 2000, 6000 and 8000).  

Fig. 21. Geometric model and sensor arrangement of the slope foundation.  

Fig. 22. Nodal distribution of the slope foundation.  

Table 5 
Material parameters of the generalized plasticity model for the slope foundation.  

Elastic modulus  Plastic loading direction  Plastic modulus 

G0 K0 ms mv  Mg Mf αf αg  ml mu rd γDM γu β0 β1 H0 HU0 

480 600  0.68  0.68   1.18  0.45  0.25  0.40   0.40  0.50 5 10 5 25  0.01 900 900  
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According to actual earthquake damage, the dam foundation and 
downstream weight zone experienced almost no deformation, so these 
regions were simulated with FEM mesh (node coordinates updated after 
each calculation step). The remaining material partition was discretized 
using meshfree nodes, where the average nodal displacement was 
controlled to be 0.5 m. A model with global discretization using mesh
free nodes was also added for comparative analysis. The refined nodal 
distribution was performed at the interface between the dam body and 
the foundation, and the improvement in shape function in Section 2.3 
was also implemented to capture the local soil characteristics in both 
models. 

The properties of the dam construction materials were investigated 
using standard penetration and triaxial tests. Because the upstream slope 
of the dam was damaged and reconstructed, information could not be 
obtained. However, it is generally believed that the upstream and 
downstream soil properties were similar. Several scholars have exten
sively researched the soil parameters (Seed, 1973; Seed et al., 1975), 
Ming and Li (2003) for the San Fernando Dam. Among these studies, 

Ming and Li (2003) specifically focused on the elasto-plastic parameters 
of the dam body, thus, the parameter selection in this section primarily 
relied on these suggested values. According to Fig. 30, the dam body 
could be divided into the rolled fill zone, hydraulic fill zone, alluvium 
zone, and clay zone. All above zones in the dam were described by the 
generalized elasto-plastic model using the same material parameters 
(Table 6), with initial void ratios of 0.660, 0.500, and 0.567 assigned to 
the hydraulic fill zone, rolled fill zone, and alluvium zone, respectively. 
A field investigation between 1985 and 1987 found that the soil in the 
clay core was a mixture of silty clay and sandy soils. Due to a lack of 
detailed information on the soils in the clay zone, in this analysis, the 
clay zone was simplified and treated as a hydraulic fill with lower 
permeability. The coefficients of permeability assigned to the subregions 
were as follows: horizontal permeability coefficient kh = 1 × 10− 5 m/s 
and vertical permeability coefficient kv = 4 × 10− 6 m/s for the alluvium 
zone, kh = 1 × 10− 4 m/s and kv = 4 × 10− 5 m/s for the hydraulic fill 
zone, and kh = 5 × 10− 6 m/s and kv = 2 × 10-6 m/s for the clay and the 
rolled fill zone, respectively. 

Based on the above material parameters, a verification study was 
conducted. Fig. 31 illustrates the simulated stress path (shear stress – 
effective mean principal stress) for the hydraulic fill zone soil under 
undrained cyclic simple shear conditions. The initial confining pressure 
was isotropic with a value of 100 kPa and a cyclic stress ratio of τ/p’

0 =

0.15. The cyclic stress ratio-failure vibration results are summarized in 
Fig. 32. The simulated results demonstrated good concurrence with 
previous research conducted by Seed, 1973 and Moriwaki et al. (1988), 
which verified the feasibility of the generalized elasto-plastic model and 
corresponding material parameters in this section. 

The bottom and two sides of the dam’s foundation were set as un
drained boundaries, while the remaining boundaries were considered 
drained boundaries. The initial dynamic stress was calculated through 
static analysis under self-weight. Fig. 33 shows the Pacoima acceleration 

Fig. 23. Ground motion inputs in the centrifuge test.  
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Fig. 24. Comparison of the simulated and experimental results for acceleration.  
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curve (CSMIP 1999) for dynamic analysis with a peak acceleration of 
0.6 g. Input ground motion was achieved using a viscoelastic boundary 
and an equivalent load, and relevant information can be found in Ap
pendix B. In this simulation, the duration for dynamic analysis was 30 s, 
and the integration interval was 0.005, with the judgment criterion 
value set to 5 %. 

Fig. 34 depicts the nodal deformation of the dam at typical times (0 s, 
8 s, 15 s, 20 s, and 30 s). The results indicated that the dam did not 
deform significantly during the early stage of the earthquake. However, 
as seismic load increased, excess pore water pressure progressively 
accumulated. Vertical settlement of the dam body occurred, with a 
maximum value of 15.9 m at the top of the dam. Subsequently, the dam 
slope experienced sliding deformation pointing upstream, with the 
largest value of 17.9 m. With relatively small horizontal and vertical 
displacements of the downstream weight zone, deformation of the 
downstream slope was prevented. Consequently, the downstream slope 
of the dam did not experience liquefaction-induced large deformation 
compared to the upstream slope. The results of this simulation were 
consistent with previous studies (Ming and Li, 2003, Huang and Xiong, 
2017, Hosseinejad et al., 2019, Talbot et al., 2024), confirming the 

Fig. 25. Comparison of the simulated and experimental results for excess pore water pressure.  

Fig. 26. Comparison of the simulated and experimental results for horizontal 
displacement. 

Fig. 27. Distribution of excess pore water pressure at 20 s.  
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applicability of the proposed MFLLDM for addressing the liquefaction- 
included large deformation problem. In addition, due to the limita
tions of the soil constitutive model, the MFLLDM and previous simula
tion methods (i.e., FEM and MPM) could not fully reproduce the actual 
observed phenomenon where the upstream slope of the San Fernando 
Dam failed a few minutes after the earthquake. 

Table 7 shows the comparison of the coupled model (MFLLDM-FEM) 

and global MFLLDM model results, including maximum horizontal 
displacement, maximum vertical displacement, and normalized analysis 
times. Due to the small deformation of the dam foundation and down
stream weight zone, the results of the two calculations were nearly 
identical, validating the feasibility of coupled analysis. Meanwhile, 
using FEM in small deformation zones allowed the coupled analysis to 
circumvent the relative computational inefficiency of MFLLDM. 

Fig. 28. Nodal deformation of the slope foundation at 20 s (magnification: 5 × ).  

Fig. 29. Seismic failure phenomenon of the lower San Fernando dam.  

Fig. 30. Geometric model and material partitions of the lower San Fernando dam.  

Table 6 
The material parameters of the generalized plasticity model for the San Fernando Dam.  

Elastic modulus  Plastic loading direction  Plastic modulus 

G0 K0 ms mv  Mg Mf αf αg  ml mu rd γDM γu β0 β1 H0 HU0 

125 210  0.47  0.47   1.38  1.02  0.30  0.30   0.50  0.50 5 10 5 25  0.01 600 600  

Fig. 31. Simulated stress path (shear stress – effective mean principal stress) for hydraulic fill zone soil.  
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The 5 % judgment criterion value was established based on the dis
cussion in Section 4.1. Subsequently, a comparative analysis was carried 
out, considering both cases with and without automatic time-step 
mapping. The mapping times conducted every 0.5 s during analysis 
for 0–30 s is illustrated in Fig. 35, where the maximum value was 100 in 
0.5 s. According to the results, the seismic wave acceleration was rela
tively small between 0 and 5 s, and the dam body almost did not deform. 
As a result, automatic time-step mapping was also small. After 5 s, the 
dam body experienced obvious deformation in both the horizontal and 
vertical directions as seismic wave acceleration increased, accompanied 
by a progressive increase in the mapping process times. The earthquake 
was over after nearly 15 s; however, dam deformation persisted, so the 
times required for automatic mapping remained large. Table 8 provides 
a summary of the total times of mapping and computational time for the 
two cases. Based on the results, we concluded that the total mapping 
time was 3268 throughout the analysis after the implementation of 
automatic time-step mapping techniques, which was a 46 % reduction 
compared to the case without these techniques. Because the two cases in 
the Lagrangian step were almost the same, the total computational time 
was reduced by 26 % after considering the automatic time-step mapping 
techniques. 

In this simulation, the frequency independent damping ratio of the 
soil was set as a value of 2 %. To further confirm the reasonableness of 
employing Rayleigh damping, research was conducted to study the 
impact of various damping ratio values (0.1 %, 1 %, 2 %, 5 %, 7.5 %, and 
10 %) on the precision. Table 9 shows that when the damping ratio 
values were less than 5 %, the simulation results, including the 
maximum horizontal displacement and maximum vertical displace
ment, were almost identical. Thus, Rayleigh damping and its values 
utilized in this manuscript were acceptable. 

Fig. 36 shows the nodal displacement time history curve at the 
maximum vertical displacement point A (top of the dam body) and the 
maximum horizontal displacement point B (near the upstream slope). 

The results indicated that the body of the dam continued to deform 
throughout the dynamic analysis duration. During the period from 5 to 
10 s, nodal displacement rapidly accumulated due to large acceleration, 
and displacement accumulation progressively slowed down as the 
seismic load decreased. At 15 s, however, the vertical velocity at point A 
and the horizontal velocity at point B were 0.47 and 0.94 m/s, respec
tively, indicating that deformation of the dam continued after the 
earthquake, which was consistent with the actual earthquake damage. 

To examine the effects of the mapping error-induced non-consistency 
condition at the Gauss point on simulation precision, this section pre
sented a comparative analysis of the shear stress time history curve of a 
Gauss point subjected to seismic load (type 1, which involved utilizing 
the mapping function in Equation (36) vs. type 2, which involved 
calculating the constitutive model variables from the mapped stresses, 
strains, and stress histories), as illustrated in Fig. 37. The results indi
cated that the time history curves computed using two different types of 
conveying the constitutive model variables were nearly identical (with 
2 % relative deviation). However, compared to type 1, type 2 numerical 
implementation was more difficult and time-consuming (13.5 h for type 
1 and 19.3 h for type 2). Therefore, this work demonstrated that 
calculating constitutive model variables via the mapping function was 
reasonable. 

Fig. 34 shows the deformation of the dam, to locate the damaged 
surface of the San Fernando Dam during liquefaction-induced large 
deformation, Fig. 38 presents the distribution of accumulated plastic 
strain in the San Fernando dam at 30 s. The accumulated plastic strain 
extended from toe of upstream dam slope to the left side of the dam 
crest, forming a significant shear band within this region. This shear 
band corresponded to the main damage surface observed in actual 
earthquake damage (Fig. 29), and a similar conclusion was reached by 
Feng et al. (2021) using MPM simulation. 

The simulation verified the effect of the improved shape function 
proposed in Section 2.3. Compared to the dam body material, the dam 
foundation material had a higher modulus and showed minimal defor
mation during the seismic loads. Thus, the sliding deformation of the 
dam body was influenced if the value of the shape function at the shared 
nodes (in the interface boundary) made a significant contribution to the 
Gauss point. Fig. 39 shows the nodal deformation at 30 s without shape 
function improvement. The maximal horizontal and vertical displace
ments were 19.4 and 20.2 m, respectively. However, without consid
ering shape function improvement, the upstream slope almost did not 
slide due to dam foundation constraint, which was inconsistent with the 
actual seismic damage. Thus, the necessity of the proposed shape- 
function enhancement near the interface of two materials was 
confirmed. 

Fig. 40 illustrates the EPWP distribution of the dam body after the 
earthquake, where the high EPWP zone was concentrated at the bottom 
of the dam body and soil foundation. Compared to the previous studies 
by Ming and Li (2003), Menon and Song (2023), and Feng et al., (2021), 
the simulation results in this section were consistent in the overall dis
tribution, although there were some differences in the maximum value 
of EPWP. Fig. 40 also presents the time history curve of EPWP at point C, 
which was located at the interface between the dam body and founda
tion, and had a maximal value of 342 kPa. The results indicated that 
EPWP built up cyclically during seismic load and stabilized 15 s after the 
earthquake. The process of pore pressure dissipation was not further 
simulated in this study due to the relatively low permeability coefficient. 

Fig. 41 shows the distribution of the EPWP ratio of the dam body 
after the earthquake, indicating that a large zone of high pore pressure 
ratio areas (greater than 0.7) was present at the bottom of the dam body 
and near the upstream and downstream dam slope. Meanwhile, the 
liquefaction extent near the upstream slope was greater than that of the 
downstream slope. Ming and Li (2003) and Feng et al. (2021) calculated 
the high EPWP region in accordance with this work. In addition, Seed 
et al. (1975) considered the clay zone as non-liquefiable soil, resulting in 
the restriction of its high EPWP ratio zone only located near the 

Fig. 32. Comparison of cyclic stress ratio − failure vibration curve.  

Fig. 33. Acceleration time history curve for San Fernando dam dy
namic analysis. 
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upstream and downstream dam slopes. The high EPWP ratio zone rep
resented a high risk of liquefaction in the above area, which reduced the 
effective tension in the soil body. If the resistance was insufficient to 
withstand the propelling force, liquefaction-induced large deformation 

could occur. 
According to nodal deformation at typical times (Fig. 24) and the 

distribution of post-seismic pore pressure ratio (Fig. 29), the 

Fig. 34. Nodal deformation of the lower San Fernando dam at typical times.  

Table 7 
Comparison of the coupled model (MFLLDM-FEM) and global MFLLDM model.   

Maximum 
horizontal 
displacement 

Maximum vertical 
displacement 

Normalized analysis 
time 

Static dynamic 

Coupled 
model 

17.9 m 15.8 m 1 
(0.89 
h) 

1 (18.2 
h) 

Global 
MFLLDM 
model 

17.9 m 15.9 m 1.19 1.64  

Fig. 35. Times of field variable mapping performed in every 0.5 s.  
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downstream slope was also at risk of liquefaction-induced large defor
mation. However, the presence of the downstream weight zone pre
vented further development of deformation and guaranteed the safety of 
downstream slopes. To verify this hypothesis, the liquefaction-induced 
large deformation analysis was continued in this study without consid
ering the downstream weight zone, and the post-seismic nodal defor
mation results are depicted in Fig. 42. Compared to Fig. 24, the vertical 
settlement of the dam body in this simulation increased to 16.2 m, while 
the maximum sliding deformation values of the upstream and down
stream dam slopes were 8.7 m and 18.1 m, respectively. 

In summary, MFLLDM could more realistically and effectively 
reproduce the development of liquefaction damage of the San Fernando 

Dam under strong seismic load. This simulation also validated the need 
for proposed shape function improvement near the interface of the two 
materials. The potential liquefaction zone was localized by the distri
bution of a high pore pressure ratio, which indicated that the effective 
tension of soil in this region was reduced and the resistance was insuf
ficient to withstand the driving force, and as a result, sliding deforma
tion could occur. 

6. Conclusions 

In this study, we presented a practical MFLLDM to achieve effective 
stress-excess pore water pressure analysis for saturated soil. The pre
liminary results and recommendations were provided through two 
typical numerical examples and the liquefaction damage of the San 
Fernando Dam under strong seismic load, as presented below.  

(1) The proposed method constructed fixed-moving Gauss points and 
introduced the field variable mapping technique based on RBF to 
realize the spatial re-distribution of the stress state and pore- 
pressure information during deformation, providing effective 
technical support for liquefaction-induced large deformation 
analysis.  

(2) The relative error of the shape function was suggested as the 
judgment criterion for automatic time-step mapping. When the 
value was set to 5 %, the total mapping times could be 

Table 8 
Comparison of total mapping times and normalized computational times of the two cases.   

Total mapping times Computation time Normalized time 

With automatic mapping 3268 13.5 h 0.74 
Without automatic mapping 6000 18.2 h 1  

Table 9 
A comparison study of various damping ratios.  

Damping ratio values 0.1 % 1 % 2 % 5 % 7.5 % 10 % 

Maximum horizontal displacement 15.9 m 15.9 m 15.9 m 15.8 m 15.5 m 15.2 m 
Maximum vertical displacement 18.0 m 18.0 m 17.9 m 17.7 m 17.4 m 16.8 m  

Fig. 36. Time history curve of nodal deformation.  

Fig. 38. Distribution of accumulated plastic strain in San Fernando dam at 30 s.  
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significantly reduced, and the computation time decreased by 
approximately 30 % while ensuring the accuracy of the analysis.  

(3) The improved shape function in the near-interface zone was 
developed by using domain truncation optimization and the local 
nodal refinement algorithm, which could more reasonably reflect 
the shear deformation characteristics of the soil body in the near- 
interface region.  

(4) Through comparative analysis, we found that the high-order 
shape function used in MFLLDM could lead to negative values 
of the lumped mass matrix at the corner nodes calculated by the 
row-element summation method. Notably, the scaling diagonal 
element method used in this study could effectively solve the 
above problem. 

Fig. 39. Nodal deformation at 30 s without considering the shape function correction.  

Fig. 40. Distribution of post-earthquake excess pore water pressure and nodal excess pore water pressure time history curve at point C (kPa).  

Fig. 41. Distribution of post-earthquake excess pore water pressure ratio.  

Fig. 42. Nodal deformation at 30 s without downstream weight zone.  
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(5) By simulating a consolidation problem for a saturated soil col
umn, transient response problem in a saturated elastic half space 
and the LEAP centrifuge experiment, the accuracy, convergence, 
and applicability to the soil generalized elasto-plastic model of 
the proposed method in consolidation and dynamic analysis were 
verified.  

(6) The MFLLDM was applied to the simulation of liquefaction 
damage of the San Fernando Dam, reproducing the liquefaction- 
induced large deformation phenomenon of the upstream dam 
slope and locating the high pore pressure ratio zone under strong 
seismic load. We found that the effective stress of soil in the po
tential liquefaction risk region was reduced, and when the 
resistance was not sufficient to withstand the driving force, 
sliding deformation could occur. 
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Appendix A. Generalized elasto-plastic theory. 

The generalized elasto-plastic theory was provided by Pastor et al. (1985) with the advantage of not requiring the explicit yield surface and plastic 
potential surface. Based on the above theory, a generalized elasto-plastic model (Liu et al., 2018, Zienkiewicz et al., 1985) for civil engineering 
structures was devised for the static and dynamic analysis of civil engineering structures. The model was concisely presented using the following 
equations formulated in p (mean stress)-q (deviatoric stress) space. 

In this manuscript, the generalized elasto-plastic model was integrated into custom-developed FEM software GEODYNA as a constitutive model 
class. The generalized elasto-plastic model provided a constitutive matrix (relationship between stress and strain) Dep for MFLLDM in calculating the 
stiffness matrix K and stress vector σ as follows: 

K =

∫∫

Ω
BT[Dep]BdΩ (A.1)  

{dσ} = [Dep]{dε} (A.2)  

where B is the displacement–strain matrix. 
The strain can be divided into elastic strain vector and plastic strain vector, and we can multiply elastic the constitutive model De on both sides of 

the equation: 

[De]{dε} = [De]{dεe}+ [De]{dεp} (A.3) 

In the elastic phase, De can be obtained by shear bulk moduli G and elastic volumetric moduli K, which is calculated with initial elastic volumetric 
moduli K0, shear moduli G0 and relevant model parameters ms, mf 

p = Kεv K = K0pa(p/pa)
mv (A.4)  

q = 3Gε G = G0pa(p/pa)
ms (A.5) 

In Equation (A.3), the following equation can be obtained from the elasto-plastic theory 

[De]{dεe} = {dσ} {dεp} = dλ
{

ng
}

(A.6) 

Then, Equation (A.2) can be re-written as: 

{dσ} = [De]{dε} − [De]dλ
{

ng
}

(A.7)  

where d λ is presented with a loading direction vector {nf} and plastic hardening modulus H 

dλ =

{
nf
}T

{dσ}
H

(A.8) 

The preceding plastic flow direction vector {ng} loading direction vector {nf} in (p, q, θ) space can be calculated as: 

{
ng
}
=

(
ngv, ngs, ngθ

)T
=

⎛

⎜
⎝

dg
̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + d2
g

√ ,
1

̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + d2
g

√ ,
− qMgcos3θ

2
̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + d2
g

√

⎞

⎟
⎠

T

(A.9) 
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{
nf
}
=

(
nfv, nfs, nf θ

)T
=

⎛

⎜
⎝

df
̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + d2

f

√ ,
1

̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + d2

f

√ ,
− qMf cos3θ

2
̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + d2

f

√

⎞

⎟
⎠

T

(A.10)  

where Mg denotes the slope of the critical state line, which is calculated by the angle of internal friction at the critical state and Lode’s angle. Mf is the 
constitutive model parameter, when Mg equals Mf, the constitutive model obeys the associated flow rule. 

Finally, the strain–stress can be expressed, and more details regarding the generalized elasto-plastic model can be found in the literature (Pastor 
et al., 1985, Liu et al., 2018, Zienkiewicz et al., 1985). 

{dσ} =

{

[De] −
[De]

{
ng
}{

nf
}T

[De]

H +
{

nf
}T

[De]
{

ng
}

}

{dε} (A.11)  

[Dep] = [De] −
[De]

{
ng
}{

nf
}T

[De]

H +
{

nf
}T

[De]
{

ng
} (A.12)  

Appendix B. Seismic wave input method 

The vibration analysis method commonly used in earth rockfill dams disregards the inconsistency of ground vibration input and the effect of 
foundation radiation damping, whereas the seismic wave input method can effectively solve the above problems and more accurately simulate the 
interactions between the dam and foundation (Wong, 1982, Deeks and Randolph, 1994). Recently, a novel time-domain artificial boundary method 
Zhang et al. (2023a), Zhang et al. (2023b), called the scaled boundary perfectly matched layer (SBPML), was proposed to simulate radiation damps of 
infinite domain. In this method, a local modified scaled boundary coordinate system from the SBFEM is first introduced to describe the general 
geometric properties of the infinite domain. 

In the two-dimensional problem, a four-node Goodman element without thickness is used to represent the viscoelastic boundary, and its normal 
and tangential spring coefficients kn and kt can be expressed as follows: 

kn = αn
G
r

(B.1)  

cn = ρcp (B.2)  

kt = αt
G
r

(B.3)  

ct = ρcs (B.4)  

where cn and ct are normal and tangential damping coefficients of the viscoelastic boundary, cp and cs are the wave speeds of the P and S waves, α n and 
α t are constant, G represents the shear stiffness of the material at the viscoelastic boundary, ρ is the mass density, r is the distance from the seismic 
source to the boundary. 

The general expression for the seismic equivalent load Fb is given by: 

Fb = Rb +Cbu̇b +Kbub (B.5)  

where Rb, ub, u̇b are the force vector, displacement vector and velocity vector induced by the seismic wave at the viscoelastic boundary node. Kb and 
Cb are the stiffness and damping additional matrices of the boundary to the goodman element. 
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