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A B S T R A C T

Seismic-induced damage, integral to the safety evaluations of major engineering projects, persists as a key focus 
of research worldwide. Based on the Scaled Boundary Finite Element Method (SBFEM) and the Phase-Field 
Method (PFM), a coupled algorithm tailored for reciprocal loading was introduced in this paper, integrating 
strategies including "closure constraints," "numerical threshold strategy," and "subdomain block integration." 
Adopting object-oriented principles, a universal coupling solution framework has been built and seamlessly 
embedded within GEODYNA, a self-developed finite element software system. The accuracy was validated 
through rigorous benchmark tests. The entire process of crack initiation, propagation, and dynamic opening- 
closing cycles in the Koyna concrete gravity dam was reproduced. Furthermore, the effect of mesh size and 
computational timestep on the structural seismic response, crack localization, and the extent of damage in the 
dam were explored. The outcomes demonstrated that the SBFEM-PFM coupling algorithm performs effectively 
and meets the engineering precision criteria for seismic evaluations and reinforcement analyses of crucial 
structures.

1. Introduction

Analytical techniques for assessing structural damage and fracture 
play a crucial role in capturing the intricate mechanical behaviors, 
failure patterns, and vulnerable zones within major engineering under 
seismic loading. These methods are vital for improving aseismic design 
and reinforcement strategies, contributing significantly to earthquake 
resilience and safety in modern engineering practice.

Currently, the primary methods for analyzing seismic-induced 
damage and fracture in structures include the Plasticity Damage 
Model (PDM), the Cohesive Zone Model (CZM), the eXtended Finite 
Element Method (XFEM), etc. Representative researches are as follows: 
The PDM, expanded by Lee et al. [1], has been applied to concrete 
structures under cyclic loading and further adapted to steel frameworks 
[2], nuclear facilities [3,4], underground walls [5], and concrete-faced 
rockfill dams [6-8]. The CZM, building on foundational work by Bare
nblatt [9] and Dugdale [10], has been refined for nonlinear fracture 
analyses in concrete by Jirásek et al. [11], with subsequent adaptations 
across various structures [12-18]. The XFEM, initially proposed by 

Belytschko et al. [19], has undergone extensive developments and en
hancements [20-22], enabling sophisticated analyses of structural 
damage under earthquakes [23-29]. Additionally, the Phase-Field Model 
(PFM) [30-33], based on the F-M variational principle [19,34], has 
transformed fracture analysis by eliminating predefined fracture 
criteria, integrating seamlessly with existing finite element models, and 
facilitating multifield analyses [35], albeit at a high computational cost 
[36-40]. Currently, most studies have focused on small-scale compo
nents with an emphasis on mechanism analysis. Applications to 
large-scale engineering structures have been mostly limited to static 
fracture analysis [41-44].

Cross-scale meshing has emerged as a strategic approach to reduce 
computational magnitude while maintaining both accuracy and effi
ciency. Several techniques have been developed for its implementation, 
including the Multi-Point Constraint Method, the Finite Element Mesh- 
Free Coupling Method, the Polygonal Finite Element Method, and the 
SBFEM. Notably, the SBFEM, proposed by Song and Wolf [45-50], is a 
semi-analytical approach known for its high precision and flexibility in 
modeling complex elements, earning widespread endorsement and 
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promotion within the engineering community. For instance, to enhance 
the computational efficiency of dynamic analysis for subway tunnels, 
Chen et al. [51] used a combination of SBFEM-FEM, Octree, and element 
similarity technology. Zhao et al. [52] and Zhang et al. [53-55] should 
be commended for utilizing the SBFEM to flexibly calculate the complex 
soil mechanics problems, driving the research on soil-structure inter
action. To examine the interaction between a plate and a multi-layered 
elastic foundation, Ye et al. [56] employed the SBFEM-FEM coupling 
techniques. Jiang et al. [57] innovatively developed machine learning 
algorithms integrated with SBFEM, facilitating the implementation of 
effective preventive maintenance strategies. In addition, relevant re
searchers [58-61] analyzed other types of engineering structures using 
the SBFEM-FEM coupling method. Particularly, pioneering studies [36,
62-68] have innovatively developed the SBFEM-PFM approach by 
integrating SBFEM and PFM, etc. This advanced method is applied for 
precise crack analysis using small-scale components in diverse scientific 
fields.

Nevertheless, the prevailing SBFEM-PFM coupling methods still face 
challenges in the opening-closing of cracks under seismic loads. The 
commonly used mesh size standards and element integration techniques 
impose significant computational burdens, struggling to seismic 
response analysis of large-scale structures. In light of this, the "closed 
constraint," "numerical threshold strategy," and "subdomain block 
Hammer integration" are introduced within the SBFEM-PFM model in 
this paper. Adhering to object-oriented principles and utilizing the self- 
developed software GEODYNA, the SBFEM-PFM coupling solution 
framework was constructed and integrated. The computational accuracy 
and efficacy of the method and software are rigorously evaluated using 
classical benchmarks. The dynamic evolution of cracks in the Koyna 
dam under seismic loads is accurately reproduced. Furthermore, a 
thorough assessment of the effects of mesh size and timestep on seismic 
damage analysis results is conducted, leveraging various engineering 
focus indicators, culminating in well-founded recommendations for 
optimal settings.

The paper is organized as follows: Section 2 introduces the theoret
ical foundation and program implementation of the SBFEM-PFM 
method. Section 3 assesses the precision and efficiency of the method 
through two numerical examples. Section 4 conducts a detailed simu
lation of cracking in the Koyna dam caused by seismic activity, inves
tigating the influence of mesh size and timestep on the analytical results. 
Conclusively, Section 5 synthesizes the findings and articulates di
rections for future research.

2. Improved SBFEM-PFM coupled algorithm

2.1. Phase-field equations

The phase-field method utilizes the function ϕ(x) to represent frac
tures in a diffuse manner, as depicted in Fig. 1. The function expression 

is as follows: 

ϕ(x) = e
− |x− xΓ |

l0 , (1) 

where, l0 represents the characteristic length. In the phase-field model 
[33], the crack surface density function is defined as: 

γ(ϕ,∇ϕ) =
1

2l0

(
ϕ2 + l20|∇ϕ|2

)
. (2) 

According to the F-M variational principle, introduced by Francfort 
et al. [34], the total potential energy W is constituted by the bulk strain 
energy Wε, the external potential energy Wext, and the crack surface 
energy Wd: 

W = Wε + Wd − Wext . (3) 

The bulk strain energy Wε, external potential energy Wext, and crack 
surface energy Wd are defined as follows: 

Wε =

∫

Ω
g(ϕ)ψ0(ε)dΩ, (4) 

Wext =

∫

Ω
b⋅udΩ +

∫

∂Ω
t⋅ud∂Ω, (5) 

Wd = Gc

∫

Ω
γ(ϕ,∇ϕ)dΩ, (6) 

where, g(ϕ)denotes the degradation function, ψ0(ε) represents the 
nominal strain energy density function, Gc indicates the critical energy 
release rate,b characterizes the body forces, and t characterizes the 
boundary tractions.

The variational derivation of the total potential energy functional W 
(u, ϕ) with respect to the displacement field u and the phase-field ϕ, i.e., 
δW(u, ϕ) = 0, yields the balance equations for the displacement field and 
phase-field as follows: 
⎧
⎨

⎩

∇σ + b = 0

2(ϕ − 1)ψ(ε) + Gc

l0
(
ϕ − l20∇

2ϕ
)
= 0

. (7) 

To prevent the healing of cracks, Miehe et al. [32] introduced the 
variable H as a substitute for ψ(ε) in Eq. (7) to ensure the irreversibility 
of cracks. The expression for the variable H is delineated below: 

H = max
t∈(0,T)

{ψ(ε(x, t))} (8) 

2.2. Phase-field scaled boundary finite element

The SBFEM was proposed by Song and Wolf [45-49] and has evolved 
into a robust method applied across various engineering disciplines. This 
paper will not expand on the well-documented displacement field 
SBFEM aspects, focusing instead on the phase-field SBFEM as developed 
by Hirshikesh et al. [36], which has gained traction within the academic 
community [62-66].

According to Hirshikesh et al. [36], the scaled boundary finite 
element equation for the phase-field is given by: 

Gcl0
[
E0ϕξ2ϕ(ξ),ξξ +

(
E0ϕ +ET

1ϕ − E1ϕ

)
ξϕ(ξ),ξ − E2ϕϕ(ξ)

]
+

[
Gc

l0
+ 2H

]

ξ2Mϕ

= ξ2Pϕ.

(9) 

The coefficient matrices in the above equation are defined as follows 

Fig. 1. Phase-field approximation.
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E0ϕ =

∫

η
BT

1ϕ(η)DB1ϕ(η)J(η)dη

E1ϕ =

∫

η
BT

2ϕ(η)DB1ϕ(η)J(η)dη

E2ϕ =

∫

η
BT

2ϕ(η)DB2ϕ(η)J(η)dη

Mϕ =

∫

η
NT

ϕ(η)Nϕ(η)J(η)dη

Pϕ = 2H
∫

η
NT

ϕ(η)J(η)dη

, (10) 

where Nϕ(η) represents the shape function matrix for the circumferential 
line element at the boundary.

The matrices B1ϕ,B2ϕ in the above equation are given by 

B1ϕ(η) = b1ϕ(η)Nϕ(η)
B2ϕ(η) = b2ϕ(η)Nϕ(η)η

, (11) 

where the matrices b1ϕ,b2ϕ can be calculated as follows: 

b1ϕ(η) =
1

J(η)

[
Nϕ(η),ηyb

− Nϕ(η),ηxb

]

b2ϕ(η) =
1

J(η)

[
− Nϕ(η)yb

Nϕ(η)xb

] . (12) 

The second-order differential equation, Eq. (9), is transformed into a 
first-order ordinary differential equation by introducing the Hamilto
nian matrix as follows: 

ZϕVϕ = VϕΛϕ. (13) 

Hamiltonian matrixZϕ is given by 

Zϕ =

[ (
E0ϕ

)− 1( E1ϕ
)T

−
(
E0ϕ

)− 1

E1ϕ
(
E0ϕ

)− 1( E1ϕ
)T

− E2ϕ − E1ϕ
(
E0ϕ

)− 1

]

. (14) 

Upon performing an eigenvalue decomposition or Schur decompo
sition on the Hamiltonian matrix Zϕ [69], eigenvaluesΛϕ and 
eigenvectorsVϕ are derived: 

Λϕ =

[
Λ+

ϕ 0
0 Λ−

ϕ

]

, (15) 

Vϕ =

[
Vϕ11 Vϕ12
Vϕ21 Vϕ22

]

. (16) 

According to relevant theory, the general solution for Eq. (9) can be 
derived as follows: 

ϕ(ξ) = Vϕ11ξ− Λϕ V− 1
ϕ11ϕb. (17) 

The phase-field ϕ(ξ, η) at any internal point within a scaled boundary 
finite element can be computed based on the phase-field ϕb at the 
circumferential boundary nodes, according to the equation presented 
below: 

ϕ(ξ, η) = Nϕ(ξ, η)ϕb. (18) 

At the same time, the polygon element shape function Nϕ(ξ, η) is 
extracted as 

Nϕ(ξ, η) = Nϕ(η)Vϕ11ξ− Λϕ V− 1
ϕ11. (19) 

Similarly, the gradient of the phase-field is defined as 

∇ϕ(ξ, η) = B1ϕ(η)ϕ(ξ),ξ + ξ− 1B2ϕ(η)ϕ(ξ). (20) 

Substituting Eq. (18) into Eq. (20) yields the derivative matrix of the 
phase-field shape function 

Bϕ(ξ, η) =
[
B1ϕ(η)Vϕ11

(
− Λ+

ϕ

)
+B2ϕ(η)Vϕ11

]
ξ− Λ+

ϕ − IV− 1
ϕ11. (21) 

The circumferential numerical and radial analytical properties of the 
SBFEM provide high precision and the flexibility to construct polygonal 
elements. However, accurately obtaining the phase-field values within 
elements remains challenging. Researchers hypothesized that the phase- 
field within an element corresponds to the nodal average phase-field 
[36,62-66]. This hypothesis implies that all phase-field-related vari
ables remain constant within the element, thus limiting the variability in 
the internal phase-field. Furthermore, this assumption is linked to the 
size constraints of discrete geometries in the regularized phase-field 
model, where the mesh size must represent the size of the crack [36], 
imposing stringent requirements on mesh size.

In terms of nonlinear applications of SBFEM, a nonlinear solution 
methodology for SBFEM based on analytical integration was proposed 
by Ooi et al. [70], which tackled the challenges associated with 
nonlinear applications of SBFEM. However, this approach requires 
smaller element sizes and involves a complex procedural framework, 
limiting its practicality for broad engineering analyses. Following this, 
Chen et al. [71] developed an accessible and efficient nonlinear SBFEM 
approach, utilizing constant stiffness characteristic eigenvalue decom
position and subdomain Hammer integration techniques, pushing for
ward its application in nonlinear geotechnical engineering.

To overcome the limitations of conventional SBFEM-PFM, the sub
domain block Hammer integration is introduced for calculating the 
phase-field within element. The block Hammer integration approach 
adopted in this study (as detailed in Eq. (22)) places three integration 
points within each triangular zone corresponding to each 

Table 1 
Splitting block Hammer integration scheme.
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circumferential boundary line element, with specific coordinates and 
integration weights provided in Table 1
∫ ∫

Ωe

f(ξ, η)dξdη =
1
6

[

f
(

2
3
,
1
6
,
1
6

)

+ f
(

1
6
,
2
3
,
1
6

)

+ f
(

1
6
,
1
6
,
2
3

)]

+ o, (22) 

By performing integration across these points, the stiffness matrices 
for both the displacement and phase-field are derived with the equations 
as follows: 

Ke
u =

∑3n

s=1

[
(1 − ϕs)

2
+ k

]
(Bu(ξ, η))TDBu(ξ, η)As, (23) 

Ke
ϕ =

∑3n

s=1

{[
Gc

l0
+2H(ε)

]
(
Nϕ(ξ, η)

)T
Nϕ(ξ, η)+Gcl0

(
Bϕ(ξ, η)

)T
Bϕ(ξ, η)

}

As,

(24) 

where s represents the number of integration points and n represents the 
edge number of the 2D polygonal element, and the total number of 
integration points for a scaled boundary finite element is 3n.

Similarly, by integrating over the area integration points, the inter
nal force vectors for the displacement field and the phase-field can be 
obtained as follows: 

Re
u =

∑3n

s=1

[
(1 − ϕs)

2
+ k

]
(Bu(ξ, η))TσsAs, (25) 

Re
ϕ =

∑3n

s=1

{[
Gc

l0
ϕs − 2(1 − ϕs)Hs(ε)

]
(
Nϕ(ξ, η)

)T
+Gcl0

(
Bϕ(ξ, η)

)T
∇ϕs

}

As.

(26) 

Fig. 2. Program implementation framework and information of critical classes.
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Fig. 3. (a) Geometry and boundary conditions (unit: mm), (b) Loading curve, and (c) Mesh and local refinement.

Fig. 4. L-shaped component test. (a) Relative displacement on both sides of the crack-load step curves, (b) Vertical displacement, (c) Geometric deformation, and (d) 
Comparison of the final crack with other researchers [72,81,82].

Fig. 5. Geometry and meshing (a) Geometry and boundary conditions, (b) Mesh of synergistic coupling of PFM-elasticity with SBFEM-FEM, (c) Uniform fine-scale 
mesh across the entire component.
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2.3. Closure constraints for reciprocal load

As devised by Ambati et al. [72], the "closure constraint" method is 
adopted for analyzing phase-field under reciprocal load in this paper. 
This method prevents crack face interpenetration by setting the 

phase-field ϕ to zero when the compressive strain energy ψ− exceeds the 
tensile strain energy ψ+, as described: 

∀x : ψ − > ψ+⇒ϕ = 0 . (27) 

The implementation details are as follows: the recorded phase-field ϕ 
remains unchanged, and the degradation function is reset to 1 for any 
point within the domain where the compressive strain energy ψ− ex
ceeds the tensile strain energy ψ+. Additionally, the phase-field internal 
force Rϕ is set to 0. In simpler terms, this degrades the phase-field 
element to the finite element.

2.4. Threshold strategy for preventing initial stiffness decay

The traditional AT2 model’s failure criterion is activated immedi
ately upon loading, leading to a rapid degradation of stiffness without an 
initial elastic phase [73]. This behavior creates a mismatch with the 
characteristics of modern engineering materials. To resolve these issues, 
this paper has embraced the threshold strategy proposed by Yu et al. 
[74]. The AT2 model is enhanced by this strategy through the incor
poration of a linear elastic stage, thereby averting the premature onset of 
damage. Such enhancements make the model’s predictions more closely 
match actual conditions, improving the rationality and reliability of 
PFM applications. The refinements include revising the crack surface 
density function and establishing a threshold based on the historical 
maximum strain energy. These adjustments are detailed in the equations 
below: 

γ(ϕ,∇ϕ) =
1

2l0
〈ϕ + ϕδ〉

2
+ +

l0
2
|∇ϕ|2, (28) 

H(x, t) = max
{

ψ+,
ϕδGc

2l0

}

. (29) 

Following the implementation of the aforementioned improvements, 
the elastic critical strain and stress of the material are as shown in the 
following equations: 

ε =

̅̅̅̅̅̅̅̅̅

Gc

3El0

√

, (30) 

σ =

̅̅̅̅̅̅̅̅

EGc

3l0

√

. (31) 

2.5. Program framework design and integration

Seismic analysis of large structures involves intricate challenges, 
including multi-field coupling, discontinuous deformation, strong 
nonlinearity, and a broad span of mesh sizes. These complexities often 
exceed the capabilities of traditional numerical methods alone. The 
well-established FEM offers stability and efficiency. SBFEM, supporting 
complex polygonal elements, facilitates cross-scale refined calculation. 

Fig. 6. Calculation results, and time-consuming. (a) Phase-field results of t= 90μs. (b) Representative point phase-field - time curve. (c)Time-consuming of the 
two schemes.

Fig. 7. Geometry and boundary conditions.

Fig. 8. Ground vibration input curve.
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Meanwhile, the PFM automatically determines crack paths, obviating 
the need for initial fracture criteria. By integrating diverse computa
tional approaches, their strengths can be combined to develop a robust 
strategy for assessing seismic damage in large-scale engineering 
projects.

2.5.1. Software integration platform
Since the early 1990s, supported by a series of national-level grants, 

the authors’ team has been dedicated to the independent development 
of GEODYNA [75], a comprehensive geotechnical engineering software 
system comprising over 300,000 lines of code. The principal features of 
this system are outlined as follows: 

① It integrates a suite of consistent command input methods, 
element activation techniques, strain potential actions, time inte
gration methods, and strength reduction approaches, facilitating 
comprehensive analyses of processes including filling, excavation, 
wetting, creep, seismic permanent deformations, consolidation, dy
namics, and stability. This integration has culminated in a unified 
software development model tailored for large-scale geotechnical 
engineering.
② Engineered on the Visual Studio C++ platform and MFC envi
ronment, GEODYNA leverages object-oriented design principles such 
as type abstraction, inheritance, overloading, and polymorphism. 
This design ethos encapsulates and refines types essential for finite 
element analysis, including material constitutive models, pore water 
seepage models, seismic pore water pressure models, element types, 
load types, and solvers, thereby establishing a potent class library for 
finite element analysis in geotechnical engineering.
③ The software assimilates leading research on the seismic 
destruction of major geotechnical structures, notably high earth-rock 
dams. It incorporates advanced models such as the generalized 
plasticity model for rockfill materials, the plastic damage model for 

concrete, the three-dimensional elastoplastic model for interfaces, 
and seismic wave input methods. These features enable a meticulous 
full-process numerical simulation analysis of the failure mechanisms 
in large-scale geotechnical engineering.

GEODYNA, equipped with a suite of numerical analysis methods 
including FEM, SBFEM, and PFM, along with user-friendly secondary 
development interfaces, serves as a foundational tool for algorithm 
integration in this study.

2.5.2. Program framework and implementation
In accordance with object-oriented programming principles, the 

shared properties of the FEM-PFM and SBFEM-PFM configurations are 
generalized in the section. The standardized member functions, external 
interfaces, and internal inheritance hierarchies are established to 
harmonize the implementation of diverse elements within the program. 
The programming architecture and critical class libraries are illustrated 
in Fig. 2.

Inheriting the capabilities of GEODYNA, the integrated SBFEM-PFM 
and FEM-PFM algorithms benefit from multicore parallel processing and 
efficient GPU-based solutions. Furthermore, convenient utilization of 
extensive material constitutive libraries, load databases, and post- 
processing components is enabled by the integrated program, 
providing strong technical support for conducting detailed fracture an
alyses of structures under severe seismic conditions.

2.5.3. Time integration
Selecting an appropriate dynamic time integration method is crucial 

for ensuring calculation accuracy, efficiency and stability. The Newmark 
integration method, widely used in seismic analyses of large engineering 
structures, is supported by extensive practical experience. The descrip
tion of the integration process is presented below.

For any arbitrary domain, the dynamic equilibrium equation of the 

Fig. 9. Mesh and local magnification (unit: m).

Y. Zhuo et al.                                                                                                                                                                                                                                    Engineering Analysis with Boundary Elements 169 (2024) 106009 

7 



undamped displacement field is: 

Ma + Ku(ϕ)x = F(t) (32) 

For seismic evaluations, the damping matrix is typically constructed 
using the Rayleigh damping theory proposed by Idriss [76], as follows: 

C = aM + bK, (33) 

where, a and b are the damping constants.
Substituting Eq. (33) into Eq. (32) yields 

Ma + Cv + Ku(ϕ)x = F(t) (34) 

Real-world earthquakes, which generally last between 10 seconds to 
one minute, feature varying frequencies and large amplitude fluctua
tions. To manage these, implicit time integration schemes, which allow 
for larger time step, are utilized. Consequently, the generalized 

Fig. 10. The phase-field, minor principal stress, and dam deformation of critical moments.
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Newmark method [77] is employed for dynamic implicit time integra
tion. The dynamic equilibrium equation for the displacement field is as 
follows: 

Ku{u}n+1 = Ru, (35) 

where the equivalent stiffness matrix and equivalent load matrix are as 
follows: 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ku = Ku(ϕ) +
1

βΔt2 M +
α

βΔt
C

Ru = − M
{
ag
}

n+1 + M{A}n + C{B}n +

∫

Ω
BσdV

. (36) 

In the above equation, α and β are constants of time integration.
While conducting dynamic time integration of the displacement 

field, the phase-field equations are solved. As the displacement and 
phase-fields are coupled in a nonlinear framework, iterative methods 
become crucial to accurately solve the coupling system.

2.5.4. Monolithic iterative solution
The coupled equations are tackled through the monolithic iterative 

strategy. To enhance the efficiency of the solution scheme, the interac
tion between fields is disregarded, leading to the elimination of the off- 
diagonal matrices Kuϕ and Kϕu. This method is corroborated by findings 
from [78-80]. The specific iterative protocol is delineated below: 
{

u
ϕ

}

n+1
=

{
u
ϕ

}

n
+

[
Ku

Kϕ

]− 1

n

{
Ru
Rϕ

}

n
. (37) 

3. Validation of accuracy and efficiency

The accuracy and efficiency of the proposed method are validated in 
this section. The failure process of the L-shaped component under static 
reciprocal loading is examined in Section 3.1, where computational 
results are compared with experimental data to confirm the method’s 
precision. A classic dynamic crack branching example is employed in 
Section 3.2 to evaluate the computational efficiency of the proposed 
method. Together, these two examples provide a comprehensive 
assessment of the method’s performance and reliability, forming a solid 

Fig. 11. Comparison of results. (a) Comparison of results from the proposed method with XFEM [28,99] and shake table test [100]. (b) Comparison of results from 
the proposed method with the actual seismic damage [101].

Fig. 12. Phase-field contour near vulnerable zone I (ϕ = 0.95).

Fig. 13. Representative point location.
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foundation for its application in engineering structures.

3.1. L-shaped component test

The widely recognized L-shaped component failure tests [72,81-86] 
are employed in this section as a benchmark for validation. The uni
versally recognized cracking patterns serve to objectively assess the 
proposed method, enhancing the credibility of the validation efforts and 
reinforcing the method’s reliability.

3.1.1. Geometry and boundary conditions
The specimen’s geometry and boundary conditions are depicted in 

Fig. 3a, featuring external dimensions of 500 mm and internal di
mensions of 250 mm, with the bottom secured as a fixed constraint. 
Displacement loads are applied as marked on the diagram, with a 
detailed load curve presented in Fig. 3b.

3.1.2. Mesh discretization
The discretized model is presented in Fig. 3c, which employs 

polygonal transition elements and a mesh refinement strategy that 
progressively refines the mesh size in vulnerable zones from 9.6 mm to 
0.6 mm. The model consists of 49,433 nodes and 48,729 SBFEM-PFM 
coupling elements.

3.1.3. Material parameters
The material parameters utilized in this study are derived from the 

research conducted by Ambati et al. [72] and Mesgarnejad et al. [81]. 

The specific values adopted are elastic modulus (E) = 25.84GPa, Pois
son’s ratio (ν) = 0.18, critical energy release rate (Gc) = 89 N/m, and 
characteristic length (l0) = 1.1875 mm.

3.1.4. Analysis of computational results
Two scenarios are presented for comparison: one incorporating the 

closure constraint and the other without. This comparison evaluates the 
importance of preventing crack face interpenetration.

The relative displacements of the nodes flanking the crack are 
depicted in Fig. 4 (a). When the crack is closed, only compressive elastic 
deformation is observed near the closed crack due to the restoration of 
stiffness. As the load reaches its reverse peak, the vertical displacements 
are depicted in Fig. 4 (b), and the geometric deformations are presented 
in Fig. 4 (c). The analysis demonstrates the crucial function of closure 
constraints in preventing the interpenetration of crack surfaces, which is 
essential for attaining more precise and realistic computational out
comes. The final crack pattern is shown in Fig. 4 (d). The distribution of 
crack in this study closely matches the simulation results of Mesgarnejad 
et al. [81] and Ambati et al. [72], and aligns with the experimental 
failure zone identified by Winkler [82]. These findings confirm that the 
software developed in this study is competent for analyzing the struc
tural damage process under reciprocal loading.

3.2. Dynamic crack branching

A classic dynamic crack branching benchmark, extensively utilized 
in the phase-field fracture domain [87-96], is employed to assess the 

Fig. 14. Time history curve at representative point A on the dam crest.
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efficiency of the proposed method.

3.2.1. Geometry and boundary conditions
The rectangular component measuring 100 mm by 40 mm, featuring 

a pre-existing 50 mm crack on the left side, as illustrated in Fig. 5 (a). At 
the initial moment (t=0s), a uniform step load of 1 MPa is applied to 
both the upper and lower boundaries of the component.

3.2.2. Mesh discretization
Two distinct mesh configurations were established to evaluate the 

efficacy of the proposed method. The first configuration, shown in Fig. 5
(b), employs a cross-scale discretization approach integrating polygonal 
transition elements and gradually refines the mesh from 4.0 mm to 0.25 
mm in zones expected to experience high stress. The model includes 
11,188 nodes, with the transition and vulnerable zones precisely 
modeled using phase-field elements (568 elements coupling with SBFEM 
and 10,048 with FEM). The second configuration, depicted in Fig. 5(c), 
applies a uniform fine-scale mesh across the entire component, con
sisting of 63,602 PFM-FEM elements.

3.2.3. Material parameters
In accordance with the previous studies [87-96], the material prop

erties are defined as follows: Young’s modulus (E) is 32.0GPa, Poisson’s 
ratio (ν) is 0.2, the critical energy release rate (Gc) is 3 N/m, and the 
characteristic length (l0) is 0.50 mm.

3.2.4. Analysis of computational results
Two computational schemes are established to assess the efficiency 

of the synergistic coupling of PFM-elasticity with SBFEM-FEM strategies. 
The final phase-field distributions for both models are presented in 
Fig. 6a, while the phase-field evolution over time at representative 

points is presented in Fig. 6b. Fig. 6c provides a comparison of the 
computational times. The results demonstrate that the synergistic 
coupling scheme not only maintains precision but enhances computa
tional efficiency by 53.1%. The synergistic coupling scheme is applied 
consistently in the following examples.

4. Engineering applications and discussion

In Section 4.1, the proposed method is employed to reproduce the 
catastrophic process of the Koyna dam during seismic events. The effects 
of mesh size and timestep on the simulation results are further investi
gated in Section 4.2. These efforts are designed to affirm the depend
ability and suitability of the proposed method for dynamic fracture 
analysis in substantial structures, offering pertinent recommendations 
for engineering applications.

4.1. Koyna earthquake disaster production

Located on the Koyna river in India, the Koyna concrete gravity dam 
stands 103 meters tall. In 1967, the dam sustained severe damage from a 
strong 6.5 magnitude earthquake, which led to cracks in the structure. 
As one of the few gravity dams with detailed records of damage from a 
major seismic event, the Koyna dam is widely referenced as a benchmark 
model for studying the seismic failure behavior of gravity dams.

4.1.1. Geometry and boundary conditions
The proposed method was employed to replicate seismic disasters of 

the Koyna gravity dam. The geometric configuration and constraints of 
the dam are depicted in Fig. 7 with a height of 103 meters and a 
maximum reservoir water level of 91.7 meters. Under static conditions, 
the dam is primarily subjected to its own weight and the hydraulic 

Fig. 15. Maximum displacement and acceleration values and relative errors over the entire duration of representative points at the dam crest.
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pressure from the upstream water. The seismic data employed in the 
simulation characterizes a maximum horizontal ground acceleration of 
0.49g along with a vertical acceleration of 0.34g, as shown in Fig. 8. The 
hydrodynamic pressure effects were considered using the added mass 
method [97].

4.1.2. Mesh discretization
The computational model is shown in Fig. 9, which utilizes polygonal 

transition elements and a progressive mesh refinement strategy to refine 
the mesh size in the vulnerable zones from 1.6m to 0.05m. The model 
encompasses 216,736 nodes. The transition and vulnerable zones are 
built with phase-field elements (1,599 elements coupling with SBFEM 
and 212,445 with FEM), whereas the elastic zone is discretized by 1,103 
isotropic elastic elements.

4.1.3. Material parameters
The concrete material parameters of the Koyna dam are as follows: 

the density (ρ) of 2.63 g/cm3, the elastic modulus (E) of 31GPa, the 
Poisson’s ratio (ν) of 0.2, the critical energy release rate (Gc) of 325N⋅m, 
and the characteristic length (l0) of 0.4 m. Damping calculations 
employed Rayleigh damping with a damping ratio set to 5% [98], and 
the time step is 0.005s.

4.1.4. Analysis of computational results
The phase-field, minor principal stress, and dam deformation at 

critical time steps (t=4.3s, 4.5s, 4.7s, and 4.9s) are illustrated in Fig. 10. 

At 4.3s, a significant crack opening occurs near the turning point of the 
downstream dam slope, which then closes by 4.5s due to the influence of 
seismic loads and inertial forces. The crack reopens at 4.7s, extending 
further, and closes again at 4.9s. As illustrated in Fig. 10b, at t=4.3s and 
4.7s, the notable tensile stress concentration is observed at the crack 
tips.

The results obtained from the proposed method are compared with 
those from XFEM [28,99] and shake table tests [100], as shown in 
Fig. 11a. Additionally, Fig. 11b highlights the actual seismic damage 
observed near the turning point of the downstream dam slope [101]. 
Horizontal cracks in water-retaining dam segments align closely with 
the crack paths calculated in this paper. Comparisons with other nu
merical methods, experimental data, and real seismic damages have 
substantiated the applicability of the method introduced in this paper 
for seismic analysis of dams.

4.2. Exploration of parameters in practical applications

This section delves into determining the optimal mesh size and 
timestep, which are critical for maintaining computational stability and 
accuracy when using the phase-field method. The effects of mesh sizes 
and timesteps on key metrics such as structural dynamic displacement, 
acceleration, and stress across multiple scenarios are investigated in this 
section. Based on these analyses, practical analytical parameters are 
recommended to serve as references for seismic fracture simulations in 
similar engineering projects.

Fig. 16. Stress time history curves at representative point C.
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4.2.1. Mesh size
In the phase-field model, fractures are described using a field vari

able that changes rapidly near fractures. Oversized mesh sizes may skew 
simulation results and lead to computational instability. Therefore, it is 
crucial to choose a mesh size that guarantees accurate simulation out
comes. Existing studies [33,73] suggest that mesh sizes h < 0.2 ∼ 0.5l0 
produce relatively accurate measurements of crack areas. However, the 
specific effects of mesh size at the fracture on the seismic response of 

large structures remain unclear.
In this section, numerical models with six distinct mesh densities are 

employed to investigate the influence of mesh size on the seismic re
sponses of large structures. The evaluated mesh sizes are 1.6 m, 0.8 m, 
0.4 m, 0.2 m, 0.1 m, and 0.05 m. The final crack distribution near the 
turning point of the downstream dam slope, calculated by the six 
distinguish mesh schemes, is presented in Fig. 12. The results demon
strate that the h=1.6m mesh size is inadequate for accurately 

Fig. 17. Maximum dynamic stress values and relative errors over the entire duration at representative points.
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representing crack morphology. In contrast, the h=0.8m mesh size 
provides a more precise depiction, particularly in the capturing of 
changes in crack direction. Mesh sizes from h=0.8m to 0.05m exhibit 
consistent results.

The influence of mesh size on dynamic calculation was examined by 
analyzing several representative points, as shown in Fig. 13. The 
displacement-time and acceleration-time curves for representative point 
A are depicted in Fig. 14. Results from the model of h=1.6m were 
excluded due to inaccurate crack path predictions. The displacement 
and acceleration time histories calculated using the remaining five 
meshes (h=0.8m, 0.4m, 0.2m, 0.1m, and 0.05m) show considerable 
similarity. The maximum values from the time history for representative 
points A and B are detailed in Fig. 15, with h=0.05m as the baseline, 
where the calculation errors for maximum values at mesh sizes h=0.4m, 
0.2m, and 0.1m remain below 5%. For the mesh size of h=0.8m, the 
relative errors at the representative point for the maximum value are 
below 8%.

Furthermore, the stress responses at point C are detailed in Fig. 16, 
where stress-time curves across the different mesh sizes showed uni
formity. The maximum stress values throughout the period are pre
sented in Fig. 17(a). Utilizing h=0.05m as the baseline, the relative 
errors for maximum values at representative point C for mesh sizes 
h=0.8m, 0.4m, 0.2m, and 0.1m remain below 5%. The stress-time 

results for representative points D, E, and F are displayed in Fig. 17(b), 
(c), and (d), respectively. Employing the mesh size of h=0.8m, the 
horizontal stress at representative point D exhibits a relative error of 

Fig. 18. Contour lines of the phase-field at the last moment for different 
timestep schemes (ϕ=0.95=0.95).

Fig. 19. Relative displacement curves-time for different timestep schemes.

Fig. 20. Convergence curve for maximum relative displacement.

Fig. 21. Convergence curve for the relative error of maximum relative 
displacement.
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5.34%, with an absolute error of 0.041MPa.

4.2.2. Integration time step
Five integration timestep schemes (Δt=0.02s, 0.01s, 0.005s, 0.002s, 

0.001s) are utilized to simulate the Koyna damage process under 
earthquake. A multi-scale mesh with h=0.4m is employed as the 
computational model. The phase-field contour lines in Fig. 18 indicate 
that the largest time step, Δt=0.02s, fails to accurately capture the crack 
morphology and length. The time-relative displacement for nodes 
flanking the crack is shown in Fig. 19a, illustrating multiple openings 
and closings of the crack. The first significant opening of the crack at 
4.3s is illustrated in Fig. 19b. Prior to this, the calculation results of 
Δt=0.01s, 0.005s, 0.002s, and 0.001s are similar. Fig. 19c shows the 
crack reaching its maximum relative displacement at 4.68s, with 
noticeable differences when comparing the results of the coarsest time 
step, Δt=0.02s, to the finest, Δt=0.001s.

The convergence of maximum relative displacements is graphed in 
Fig. 20, with the corresponding relative errors presented in Fig. 21. 
Notably, time steps of Δt=0.002s and Δt=0.005s yield relative errors of 
1.98% and 4.55%, respectively. A larger relative error of 15%, with an 
absolute discrepancy of 1.8mm, is observed in the Δt=0.01s scenario. 
Based on these results, engineers can determine the optimal time step for 
simulations, considering the trade-off between computational efficiency 
and the precision required to accurately model dynamic crack behavior.

5. Conclusion

Based on the theories of SBFEM and PFM, a coupled SBFEM-PFM 
analysis algorithm was developed tailored for seismic damage simula
tions in large-scale engineering structures. The SBFEM-PFM solution 
framework was flexibly integrated into the GEODYNA finite element 
software. Additionally, the high-precision simulation of the crack pro
cess of the Koyna dam under strong seismic conditions was smoothly 
conducted. The key findings are summarized as below: 

(1) The SBFEM-PFM algorithm was improved in this research by 
integrating techniques such as ’closed constraint,’ ’numerical 
threshold strategy,’ and ’subdomain block Hammer integration.’ 
The phase-field evolution and the deformation pattern of an L- 
shaped component under reciprocal loading were explored, 
substantiating the importance of adopting the closure constraints. 
Moreover, the dynamic crack branching benchmark was used to 
validate that the synergistic coupling of PFM-elasticity with 
SBFEM-FEM significantly enhances analytical efficiency.

(2) This study pioneered the application of PFM to accurately simu
late seismic failure modes, including the initiation, propagation, 
and opening and closing cycles of the crack in the Koyna Dam 
under severe seismic conditions. The simulation results aligned 
closely with those from XFEM simulations, shake table tests, and 
observed seismic damage, confirming the practical engineering 
utility of the proposed method.

(3) The impact of mesh size and time step on key engineering in
dicators, including structural dynamic displacement, accelera
tion, stress, and cracks, was explored by the study. From a 
practical engineering standpoint, practical parameters for 
applying the proposed method in the seismic crack analysis of 
large structures were recommended: the mesh size should not 
exceed 0.8m, and the timestep should not exceed 0.01s.

The method presented offers a novel and effective tool for analyzing 
seismic-induced cracking in large-scale engineering structures. Extend
ing this approach to three-dimensional analysis will offer broader 
application value and enable a more accurate representation of the 
cracking patterns in complex structures. Furthermore, significant po
tential for investigating the ultimate anti-seismic capacity and the 
effectiveness of anti-cracking measures is held, which are earmarked as 

pivotal focal points for forthcoming research endeavors.
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