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A B S T R A C T   

The hexahedron elements have been widely used in theoretical research and engineering applications because of 
their simple formulation and fine analytical performance. In this paper, a flexible mixed-order hexahedron 
interpolation is proposed based on the SBFEM theory, which is summarized as follows: (1) The interpolation 
functions are constructed for boundary surfaces by introducing the “Serendipity element”, which allows for a 
combination of linear and quadratic interpolation; (2) Two approaches for order conversion in hexahedron el
ements have been applied and investigated; (3) The accuracy and applicability of the proposed method are 
verified using several classical examples and engineering practice. In this way, the proposed method is capable of 
handling abundant patterns of different order combinations, thus the analysis performance of hexahedron ele
ments has been improved. The precision of the proposed method is demonstrated by comparing it with the 
theoretical solution and the classical isoparametric FEM. By comparison, the computational efficiency can be 
improved by approximately 40–55 % with satisfactory accuracy. In general, the proposed method offers a new 
alternative channel for simulating particular problems, such as bending and stress concentration.   

1. Introduction 

The finite element method (FEM) is a prominent numerical analysis 
technique widely used in modern engineering practice. This numerical 
technique introduces the concept of discretization to partition complex 
geometric domains into a finite number of simplex subdomains, its 
simulation process is practical and easy to implement, which has 
attracted a great deal of attention from researchers in recent years. 
However, the accuracy of FEM analysis is greatly influenced by the 
quality and shape of the discretized mesh. Therefore, the selection of 
suitable element types and mesh discretization schemes is essential to 
ensure the accuracy of FEM analysis. 

The conventional element types in 3D finite element analysis are 
generally limited to tetrahedron or hexahedron elements. Other types of 
elements, such as pentahedron elements, can also be generated by 
degenerating hexahedron elements [1]. Tetrahedron meshes are easier 
to discretize than hexahedron meshes, however, it is known that the 
tetrahedron element lacks capability in stress analysis [2,3]. In contrast 
to the tetrahedron element, the well-established hexahedron element is 
preferred by researchers for its solution accuracy [4,5] and computa
tional stability. Besides, it also possesses the characteristic of being easy 

to formulate [6]. Benefiting from these advantages, hexahedron ele
ments have gained increasingly wide utilization in various fields of FEM 
analysis, such as crack propagation [7,8], discontinuous deformation 
analysis [6,9], adaptive mesh refinement analysis [10], diffusion and 
transient reaction-diffusion [11]. 

To accurately capture the mechanical behavior of the structure, a 
class of numerical simulations represented by the fined analysis has been 
carried out successively, which undoubtedly imposes more stringent 
demands on the high quality and universality of the mesh discretization. 
Due to their computational stability and simplicity, linear hexahedron 
elements are commonly applied in fined theoretical and engineering 
research and have yielded satisfactory simulation results [12–14]. 
However, in specific research scenarios, such as bending problems or 
localized stress concentration problems, the linear form of elements may 
lead to simulation distortion because the calculated bending stiffness is 
too rigid [15]. Additionally, it cannot accurately describe rapidly 
changing stress gradients [16], making it challenging to perform well in 
FEM analysis of the aforementioned issues. On the contrary, the 
quadratic hexahedron elements are better equipped to handle the above 
problems [17]. However, the number of degrees of freedom (Dofs) in a 
quadratic element will be doubled, leading to a significant increase in 
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the computational effort for the entire problem domain. 
To achieve a fine balance between computational accuracy and ef

ficiency of the element, researchers have explored several approaches, 
including the non-conforming element [18], the reduced integration 
scheme [19], and the serendipity element [20]. The non-conforming 
element provides accurate displacement and stress results by adding 
incompatible quadratic displacement terms to linear compatible terms 
[21]. However, its analytical accuracy may be compromised if the ele
ments in the interest region are severely distorted [22]. Reduced inte
gration improves computational efficiency by using fewer integration 
points in the quadratic element, yet this approach tends to result in stress 
solutions with relatively low accuracy [23]. The serendipity element 
allows 2D quadrilateral elements to be equipped with linear or quadratic 
orders on each edge, thereby achieving compatibility of mixed orders in 
a single element [24,25]. However, its implementation process and 
potential computational benefits in FEM have proven to be a major 
challenge [26]. 

In addition to the above methods, a new semi-analytical analysis 
method called the scaled boundary finite element method (SBFEM) has 
been proposed by Wolf and Song [27] in recent years. The solutions of 
SBFEM are numerical in the circumferential direction and analytical in 
the radial direction, making it easy to construct polygon elements with 
high accuracy. After recent developments, the SBFEM theory has been 
systematically established as a mature numerical analysis method by 
Song [28–30], and abundant research works have also been conducted 
by researchers. This paper briefly lists some representative research 
studies. For example, Zhang et al. [31–33] proposed a structural dy
namic analysis method based on SBFEM, which has been demonstrated 
to have high performance for engineering applications. Du et al. [34–36] 
utilized SBFEM to address the challenges of static and dynamic crack 
initiation and propagation, providing a more realistic description of the 
local crack damage zone. Zhao et al. [37–40] proposed a novel 
time-domain numerical method for SBFEM to analyze wave propagation 
problems, and efficient and practical solutions with great application 
potential for analyzing interactions between engineering structures have 
been obtained. Guo et al. [41,42] conducted topology optimization 
analysis using SBFEM, and the results showed good improvements in 

computational efficiency and process simplification. Liu et al. [43,44] 
developed a new isogeometric SBFEM for piezoelectric laminates and 
cylindrical shells. Researchers have also conducted research on SBFEM 
in various fields, such as 2D Cosserat continuum analysis [45], nonlinear 
analysis in complex geotechnical engineering [46,47], transient analysis 
of elastic wave propagation [48], direct numerical analysis of 
point-cloud models [49], and adaptive mesh refinement analysis [50, 
51]. A newly developed 2D “mixed-order” polygon element, which has 
been preliminarily proposed by Chen et al. [52] by means of SBFEM, 
enables the flexible combination of linear and quadratic forms of edges 
within a polygon element. In this way, the high accuracy and efficiency 
of elements in the calculation can be effectively ensured. 

To achieve compatibility of high-precision and efficient analysis in 
hexahedron elements, this paper proposes a flexible mixed-order hexa
hedron element within the framework of SBFEM, which allows for the 
free combination of linear and quadratic forms of the element’s edges. 
Combined with serendipity element interpolation functions, each sur
face of the hexahedron element is interpolated in the manner of FEM. 
Besides, two order conversion approaches are applied based on the 
critical regions and flexural angle of each edge in elements. Finally, the 
accuracy and effectiveness of the proposed method are demonstrated 
through several examples for different problems. 

This paper is organized as follows. In Section 2, the mixed-order 
hexahedron element based on serendipity elements is introduced. Sec
tion 3 briefs the SBFEM formulation for the mixed-order hexahedron 
element. A classic numerical example is presented in Section 4 to verify 
the accuracy and effectiveness of the proposed method, meanwhile, the 
remaining two examples are applied to demonstrate the proposed two 
order conversion approaches. In Section 5, the applicability of the pro
posed method is illustrated through an engineering practice. Finally, 
conclusions are stated in Section 6. 

Fig. 1. Schematic diagram of the mixed-order hexahedron element.  
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2. The mixed-order hexahedron element based on serendipity 
elements 

2.1. Introduction of the mixed-order hexahedron element 

Since the linear and quadratic forms of hexahedron elements have 
their advantages and disadvantages, a new form of the hexahedron 
element with both advantages can be constructed, and its schematic 
diagram is depicted in Fig. 1. As can be seen, the linear and quadratic 
form of edges in the hexahedron element is selectively assigned, hence it 
is called “mixed-order” element. The specific order allocation principles 
for each edge will be explored in the following content. Each surface 
conforms to quadrilateral elements with 4–8 nodes, which can be 
interpolated through serendipity elements, and its relevant details are 
given below. 

2.2. Summary of the serendipity elements 

2.2.1. The serendipity elements and standardization 
In planar problems, 4-node and 8-node quadrilateral elements are 

commonly more favored, whose iso-parametric forms are shown in 
Fig. 2. However, other variable node element types, i.e., 5–7 node ele
ments, will occur in the mixed-order elements shown in Fig. 1. Based on 
2D quadrilateral iso-parametric element, 16 types of quadrilateral 
serendipity elements with different numbers of nodes can be included, 
as shown in Fig. 3. 

For elements with 5–7 nodes, there are multiple types of corre
sponding interpolation functions due to the varying distribution loca
tions of nodes. For these types of elements, a standardization process has 
been performed, as shown in Fig. 3. The serendipity elements with 5–7 
nodes can be normalized to a standardized element by altering the 
arrangement order of the first node, provided that such elements have 
the same number of nodes. Through this process, the types of serendipity 
elements can be reduced to 6. By this means, the efficiency of the 
computational process can be significantly improved. 

2.2.2. Interpolation function 
The interpolation function of linear and quadratic quadrilateral iso- 

parametric elements, as shown in Fig. 1, can be referred to [18,53]. 
Based on the interpolation functions of these two iso-parametric element 
types, the interpolation functions of serendipity elements with different 
nodes can be derived, as listed in Table 1. 

In Table 1, the interpolation functions N1 -N4 in column 2 are shape 
functions at corner nodes of the linear quadrilateral element, and N5 -N8 
represents the edge midpoint shape functions of the quadratic quadri
lateral element. It is proved that all the above-formed interpolation 
functions of serendipity elements with 4–8 nodes satisfy Lagrange 

Fig. 2. Quadrilateral iso-parametric element.  

Fig. 3. Different types of the serendipity elements and standardization process.  
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properties, i.e., non-negative functions, the partition of unity, and Kro
necker-delta. 

3. SBFEM formula for mixed-order hexahedron element 

3.1. 3D scaled boundary coordinate 

In the context of SBFEM, a 3D mixed-order hexahedron domain and 
its boundaries can be discretized into any n-node hexahedron, as shown 
in Fig. 4. A scale center, represented as O with coordinates (x0, y0, z0), is 
introduced inside the domain, ensuring that any point on the hexahe
dron boundary is directly visible from the point O. For this 3D domain, 
the boundary S of domain V is discretized with quadrilateral surface 
elements. Fig. 4(a) shows a typical serendipity surface element with 6 
nodes on the upper boundary Stop, and the corresponding parent element 
is displayed in Fig. 4(b). 

In the scaled boundary coordinate, a coordinate system similar to 
FEM (ξ, η, ζ) is introduced, among which ξ represents the radial coor
dinate, η and ζ are the circumferential coordinates. The boundary is then 
scaled by the normalized radial coordinate ξ, which has a zero value at 
the center of the scale and a unity value on the boundary. The bound
aries of the domain are discretized using a simple 2D FEM by the 
formalized interpolation function N(η, ζ) of serendipity elements in the 
local coordinates η and ζ. The point in the Cartesian coordinate system 
{x, y, z} can be represented by the scaled boundary coordinates (ξ, η, ζ) 
as: 

x(ξ, η, ζ) = x0 + ξN(η, ζ)
y(ξ, η, ζ) = y0 + ξN(η, ζ)
z(ξ, η, ζ) = z0 + ξN(η, ζ)

(3.1) 

In the conversion process of scaled boundary coordinates, a standard 
procedure similar to FEM is used to achieve the conversion. The 

Jacobian matrix and determinant on the boundary are shown in Eq. 
(3.2). 

J(η, ζ) =

⎡

⎣
x(η, ζ) y(η, ζ) z(η, ζ)

x(η, ζ),η y(η, ζ),η z(η, ζ),η
x(η, ζ),ζ y(η, ζ),ζ z(η, ζ),ζ

⎤

⎦ (3.2)  

|J(η, ζ)| = x
(
y,ηz,ζ − z,ηy,ζ

)
+ y

(
z,ηx,ζ − x,ηz,ζ

)
+ z

(
x,ηy,ζ − y,ηx,ζ

)
(3.3)  

where the derivatives are expressed as: 

x(η, ζ),η = N(η, ζ),η⋅x, x(η, ζ),ζ = N(η, ζ),ζ⋅x
y(η, ζ),η = N(η, ζ),η⋅y, y(η, ζ),ζ = N(η, ζ),ζ⋅y
z(η, ζ),η = N(η, ζ),η⋅z, z(η, ζ),ζ = N(η, ζ),ζ⋅z

(3.4)  

3.2. SBFEM theory formulation 

The relationship between the displacements and strains in elastic 
theory is written as 

ε = Lu (3.5) 

The displacement field in the SBFEM can be approximated as 

u(ξ, η, ζ) = Nu(η, ζ)u(ξ) (3.6)  

where u(ξ) is the displacement along the radial direction ξ, the shape 
functions Nu(η, ζ) is expressed as [N1(η, ζ)I, N2(η, ζ)I, …], I is a 3 × 3 
identity matrix. The linear differential operator in 3D is written in the (ξ, 
η, ζ) coordinates as: 

L = b1
∂
∂ξ

+
1
ξ

(

b2
∂
∂η+ b3

∂
∂ζ

)

(3.7)  

where b1 (η, ζ), b2 (η, ζ) and b3 (η, ζ) are defined as: 

b1(η, ζ) =
1
|J|

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

y,ηz,ζ − z,ηy,ζ 0 0
0 z,ηx,ζ − x,ηz,ζ 0
0 0 x,ηy,ζ − y,ηx,ζ
0 x,ηy,ζ − y,ηx,ζ z,ηx,ζ − x,ηz,ζ

x,ηy,ζ − y,ηx,ζ 0 y,ηz,ζ − z,ηy,ζ
z,ηx,ζ − x,ηz,ζ y,ηz,ζ − z,ηy,ζ 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.8)  

b2(η, ζ) =
1
|J|

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

zy,ζ − yz,ζ 0 0
0 xz,ζ − zx,ζ 0
0 0 yx,ζ − xy,ζ
0 yx,ζ − xy,ζ xz,ζ − zx,ζ

yx,ζ − xy,ζ 0 zy,ζ − yz,ζ
xz,ζ − zx,ζ zy,ζ − yz,ζ 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.9)  

b3(η, ζ) =
1
|J|

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

yz,η − zy,η 0 0
0 zx,η − xz,η 0
0 0 xy,η − yx,η
0 xy,η − yx,η zx,η − xz,η

xy,η − yx,η 0 yz,η − zy,η
zx,η − xz,η yz,η − zy,η 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.10) 

Table 1 
Uniform interpolation function for serendipity elements with 4 - 8 nodes.  

Ni Interpolation function The following items will only be included when the 
node i exists 

i = 5 i = 6 i = 7 i = 8 

N1= 1
4
(1 − η)(1 − ζ) −

1
2
N5   −

1
2
N8 

N2= 1
4
(1 + η)(1 − ζ) −

1
2
N5 −

1
2
N6   

N3= 1
4
(1 + η)(1 + ζ) −

1
2
N6 −

1
2
N7  

N4= 1
4
(1 − η)(1 + ζ) −

1
2
N7 −

1
2
N8 

N5= 1
2
(1 − η2)(1 + ζ)

N6= 1
2
(1 − η)(1 − ζ2)

N7= 1
2
(1 − η2)(1 − ζ)

N8= 1
2
(1 + η)(1 − ζ2)

Fig. 4. 3D scaled boundary coordinates in a mixed-order hexahedron element.  
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The strain field in the scaled boundary coordinates can be obtained 
by combined Eqs. (3.5) - (3.7), and it is expressed as 

ε = B1u(ξ),ξ +
1
ξ
B2u(ξ) (3.11) 

The stress field in the scaled boundary coordinates is further ob
tained as 

σ = D
(

B1u(ξ),ξ +
1
ξ
B2u(ξ)

)

(3.12)  

where D is the elastic matrix. B1 and B2 are the standard scaled boundary 
finite element strain-displacement matrices, which are written as 

B1 = b1Nu(η, ζ)
B2 = b2Nu(η, ζ),η + b3N(η, ζ),ζ

(3.13) 

Based on the virtual work principle [54], the governing equation in 
terms of displacement without external load for 3D SBFEM can be 
expressed as 

E0ξ2u(ξ),ξξ +
(
2E0 +ET

1 − E1
)
ξu(ξ),ξ +

(
ET

1 − E2
)
u(ξ) = 0 (3.14) 

E0, E1, and E2 are the coefficient matrices in the scaled boundary 
coordinates that depend on the geometry and the material properties of 
the subdomain, which are defined as follows: 

E0 =

∫ 1

− 1

∫ 1

− 1
BT

1 DB1|J|dηdζ

E1 =

∫ 1

− 1

∫ 1

− 1
BT

2 DB1|J|dηdζ

E2 =

∫ 1

− 1

∫ 1

− 1
BT

2 DB2|J|dηdζ

(3.15) 

By introducing a variable X(ξ), whose formulation is given in Eq. 
(3.16), Eq. (3.14) can be converted to a first-order homogeneous dif
ferential equation, just as shown in Eq. (3.17). 

X(ξ) =
[

ξ0.5u(ξ)
ξ− 0.5q(ξ)

]

(3.16)  

ξX(ξ),ξ = − ZX(ξ) (3.17)  

where q(ξ) is the internal nodal force vector, the Hamilton matrix Z is 
expressed as 

Z =

[
E− 1

0 ET
1 − 0.5I − E− 1

0

− E2 + E1E− 1
0 ET

1 −
(
E1E− 1

0 − 0.5I
)

]

(3.18) 

Eigenvalue decomposition is performed on the Hamiltonian matrix 
Z, and the Eq. (3.19) at the element level is derived. 

Z
[

ψu
ψq

]

=

[
ψu
ψq

]

Sn (3.19)  

where Sn is a diagonal matrix composed of the real parts of the eigen
values generated from the decomposition of the Z matrix. ψu and ψq are 
the modal displacements and forces, respectively. Therefore, the general 
solutions for the displacements u(ξ) and internal nodal forces q(ξ) of Eq. 
(3.14) for the hexahedron element are 

u(ξ) = ψuξ− (Sn+0.5I)c
q(ξ) = ψqξ− (Sn − 0.5I)c (3.20)  

where I is the identity matrix, and c is an integral constant matrix, which 
can be obtained from the node displacement ub on the subdomain 
boundary: 

c = ψ − 1
u ub (3.21) 

Then, the displacement field u(ξ, η, ζ) inside the hexahedron element 
is obtained by substituting Eq. (3.20) into Eq. (3.6): 

u(ξ, η, ζ) = Nu(η, ζ)ψuξ− (Sn+0.5I)ψ − 1
u ub (3.22) 

Therefore, in the form of FEM, the element shape functions Φ(ξ, η, ζ) 
is extracted as: 

Φ(ξ, η, ζ) = Nu(η, ζ)ψuξ− (Sn+0.5I)ψ − 1
u (3.23) 

The strain field of a hexahedron element can be derived by 
substituting Eqs. (3.7) and (3.22) into Eq. (3.5): 

ε(ξ, η, ζ) = [B1ψu(− Sn − 0.5)+B2ψu]⋅ξ
− (Sn+1.5I)ψ − 1

u ub (3.24)  

Bu = [B1ψu(− Sn − 0.5)+B2ψu]⋅ξ
− (Sn+1.5I)ψ − 1

u (3.25)  

3.3. Gauss integral point scheme 

Since SBFEM is only discrete on the boundary, the Gauss integral 
point is also limited to the boundary surface. However, these Gauss 
points cannot accurately describe the nonlinear properties within the 
element, which greatly restricts the application of SBFEM in the field of 
nonlinear analysis. To enhance the nonlinear capability of SBFEM and 
make it applicable to engineering practice, a mixed internal Gauss in
tegral point scheme is adopted in the mixed-order hexahedron element. 

In this scheme, the Gauss integration rule is used to determine the 

Fig. 5. Distribution of internal Gauss integral points for different surfaces.  
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position of integral points in the hexahedron element domain. By con
necting the scaled center O and the nodes in the circumferential 
boundary, the hexahedron can be divided into six pyramidal sub
domains. A representative pyramid is shown in Fig. 5. For 4-node surface 
elements, 2 × 2 Gauss points on the interface are selected according to 
the Gauss integration rule. By scaling the Gauss points on the interface, 
the distribution of internal Gauss points is shown in Fig. 5, which is 
located on the planes with radial directions 0.5±

̅̅̅
3

√
/6. Through this 

manner, a total of 8 internal Gauss points is determined. Similarly, for 
surface elements with 5–8 nodes, 3 × 3 interface Gauss points are 
determined, followed by 18 internal Gauss points, thus the mixed inte
gral scheme is constructed. 

4. Numerical example 

4.1. Verification of the effectiveness and accuracy 

4.1.1. The cantilever beam example 
For effectiveness and accuracy verification, a classical cantilever 

beam subjected to bending, which has been analyzed in [18], is 
considered in this section. The detailed dimensions and properties are 
described in Fig. 6. The material properties are Young’s modulus E =
1500 Pa, and Poisson’s ratio v = 0.25. Two different loadings are 
applied, as shown in Fig. 6, whereby the bending behavior will be 
generated through the loadings. 

The model is first discretized by the quadratic hexahedron element, 
and a total of 250 elements and 1416 nodes are yielded. The 3D mesh is 
shown in Fig. 7(a). In addition, a mesh with mixed-order elements is 
constructed, in which the lines in red represent the quadratic line ele
ments and blues are linear forms, just as shown in Fig. 7(b). When the 
free end of this cantilever beam is subjected to the above loadings, the 
horizontal edges of the element will undergo obvious bending defor
mation, so these edges are adopted as high-precision quadratic forms. 
Conversely, the vertical edges of the beam are slightly bending, thus all 
vertical edges are considered as linear forms. In addition, for compari
son, a mesh with linear edges is adopted, as shown in Fig. 7(c). 

4.1.2. Results comparison 
Numerical simulation calculations for different element types are 

performed, the detailed information can be found in Table 2. Note
worthily, Hex8 corresponds to the linear mesh in Fig. 7(c), Hex20 rep
resents the quadratic mesh in Fig. 7(a), and SBFEM-M is the mixed-order 
mesh in Fig. 7(b). The computer software GEODYNA 8.0 [55], which 
integrates various numerical analysis methods such as SBFEM and FEM, 
is used to perform the calculations provided in Table 2. 

The displacement component-y of point A is observed to compare the 
performance of different methods, the obtained calculation results are 
listed in Table 3. In addition, the theoretical solutions provided in [18] 
are also listed in this section. It can be observed that the results obtained 

using linear elements Hex8 differ significantly from the theoretical so
lution. Conversely, the quadratic form Hex20 exhibits excellent 
computational precision and conforms closely to the theoretical solu
tion. Furthermore, compared to Hex20, the results of SBFEM-Q with a 
quadratic mesh are closer to the theoretical solutions due to the ad
vantages of SBFEM. Meanwhile, the solutions obtained by the proposed 
SBFEM-M also achieve good accuracy with a slightly larger deviation 
than SBFEM-Q, yet the total number of degrees of freedom has been 
reduced by 46.61 %. Therefore, it can be verified that the proposed 
method in this paper not only ensures good accuracy but also greatly 
reduces the amount of computation. 

4.2. Region-oriented order conversion approach of mixed elements 

The advantage of mixed-order elements lies in their ability to allo
cate edges of different orders for calculation according to requirements, 
ultimately achieving an ideal state of high accuracy and efficiency. 
Nonetheless, manually setting the mixed order would be a cumbersome 
and complex process. Therefore, in this section, a so-called region-ori
ented element order conversion approach is introduced. The detailed 
introduction is as follows. 

4.2.1. Selection of optimized region 
To be more specific, as shown in Fig. 8, the critical region A of the 

model, which can be the stress concentration zone or tension zone, will 
be designated as quadratic elements as required. Conversely, the rela
tively less significant region C can be assigned as linear elements, and 
the remaining connected region B is defined as mixed-order elements. 
The implementation process is achieved through a self-developed 
program. 

4.2.2. Thin curving beam model 
A cantilever thick curving beam is subjected to a vertical force at the 

tip (Fig. 9), and two radius ratios, (i) R = 10 m and (ii) R = 15 m, are 
considered for the application of this approach. The thickness is defined 
as 1 m. The modulus E = 1.0 × 109Pa, Poisson’s ratio v = 0.333, and a 
shear load F = 1.0 × 106 N is applied on the free surface. At the fixed 
end, all degrees of freedom are restrained. 

In Fig. 10, the model is discretized into 576 quadratic hexahedron 
elements with 3165 nodes, which is called “Quadratic mesh”. As a 
comparison, a mesh with linear elements is also adopted, just as depicted 
in Fig. 11(b). Besides, the region-oriented order conversion approach is 
applied to the reallocation of element types. According to the research in 
[56], for such a cantilever beam, the coarse mesh with a focus on the 
outboard regions is sufficient to achieve a computational accuracy that 
matches the global fine mesh, thus the regions near the inner side of the 
beam are designated as quadratic hexahedron elements, while the other 
regions are linear form, thus two “Mixed-order mesh” are formed, as 
shown in Figs. 11(c) and 11(d). 

Fig. 6. Classical cantilever beam model.  
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4.2.3. Calculation results 

4.2.3.1. Displacement analysis. The calculations, which applied 
different mesh types, are carried out in this section. The obtained dis
placements of point A corresponding to different mesh types are listed in 
Table 4. It is seen that the displacement results using linear mesh 
maintain a large difference from the results of the quadratic mesh. On 
the contrary, mixed-order meshes show a good agreement with the so
lutions for the quadratic mesh, especially for mixed-order mesh 1, the 
obtained results can almost reach the calculation accuracy of the 
quadratic mesh, accompanied by errors of 2.38 % and 1.96 %, respec
tively. Meanwhile, the reduction of Dofs is particularly noticeable, 
meaning that the amount of computation is significantly reduced. 

Fig. 7. The 3D mesh discretization of a cantilever beam.  

Table 2 
Detailed information on different element types.  

Element 
type 

Element shape Method description 

Hex8 3D linear iso-parametric element calculated by 
FEM 

Hex20 3D quadratic iso-parametric element calculated by 
FEM 

SBFEM-Q 3D quadratic element calculated by SBFEM 

SBFEM-M Mixed-order element calculated by SBFEM 
(Note: The edge midpoints depicted in this element 
are only illustrative and it does not represent the 
actual node distribution in this example.)  

Table 3 
Displacement component-y of Point A in the cantilever beam.  

Element Type Mesh form Load I Load II 

uy Error/% uy Error/% 

Hex8 linear 85.66 14.34 87.60 14.53 
Hex20 quadratic 95.26 4.74 96.40 5.95 
SBFEM-Q quadratic 99.71 0.29 100.7 1.76 
SBFEM-M Mixed-order 97.93 2.07 99.57 2.86 
Theory solution – 100 – 102.5 –  

Fig. 8. Schematic diagram of region-oriented order conversion approach.  

Fig. 9. Thin curving beam model.  
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The rule of displacement components x and y of the points on the 
inner side of the beam in the central z-plane corresponding to different 
mesh types are offered in Fig. 12. It can be seen from the figures that 
displacement results of the linear mesh differ significantly from the 
mesh with quadratic elements. However, the results of the mixed-order 
mesh agree very well with that of quadratic mesh, especially for the 
mixed-order mesh 1. Therefore, the calculation precision in displace
ments of the region-oriented order conversion approach can be pre
served very well while significantly reducing computational costs. 

4.2.3.2. Stress analysis. Fig. 13 shows the stress component σy of the 
beam in the central z-plane for different mesh types, and it can be seen 
that σy are highest in magnitude at the inner side of the beam due to the 

Fig. 10. The 3D mesh discretization of a thin curving beam.  

Fig. 11. Element type allocation schematics for different mesh type.  

Table 4 
Displacements of Point A in the thin curving beam.  

Mesh ux ux error 
(%) 

uy uy error 
(%) 

Dofs Dofs reduction 
(%) 

Quadratic 0.377 – 0.868 – 9495 – 
Linear 0.288 23.60 0.737 15.09 2625 – 
Mixed- 

order 1 
0.368 2.38 0.851 1.96 5355 43.60 

Mixed- 
order 2 

0.357 5.31 0.825 4.95 4320 54.50  

Fig. 12. Displacement rule on the inner side of the thin curving beam in the 
central z-plane. 

Fig. 13. The stress component σy of the thin curving beam in the central 
z-plane. 
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tension of shear load. Furthermore, the obtained stress rules based on 
mixed-order meshes can nearly reproduce the accuracy of the quadratic 
mesh. Specifically, the stress contour lines of mixed-order mesh 1 are 
essentially consistent with the quadratic mesh, thus the exactness of the 
order conversion approach of mixed elements in stress calculation is 
demonstrated. 

4.3. Automatic flexural angle-oriented order conversion approach 

In Section 4.2, the order conversion approach is to select the critical 
region artificially depending on experience. In this way, although the 
order conversion of the element edges achieves a certain manual free, it 
is still not automated. Therefore, in this section, a flexural angle- 
oriented order conversion approach for different edge orders of hexa
hedron elements is provided for the bending structures. The specific 
introduction is as follows. 

4.3.1. Definition of flexural angle 
The automatic conversion approach of mixed-order elements based 

on the flexural angle-oriented order conversion approach is shown in 
Fig. 14. The determination process is as follows: the calculation based on 
quadratic elements is first performed, and then the bending deformation 
occurs when the structure is subjected to external loads. The flexural 
angle θ, which is shown in Fig. 14, can be determined by the vectors 26̅→

and 36̅→ sharing the common midpoint after deformation. Then, a 
threshold angle is selected. If θ is less than the threshold, the bending 
effect experienced by the edge will be deemed to be inconspicuous, thus 
the quadratic form is not necessary, and the edge will be reduced to a 
linear form, as shown in Fig. 15; Otherwise, the edge will still be 
maintained as quadratic form. In this way, different orders can be 
automatically allocated on line elements. 

4.3.2. MBB beam example 
In this example, a 3D MBB beam shown in Fig. 16 is studied to 

demonstrate the implementation process of this scheme. The bottom end 

of the beam is fixed while the middle of the top beam is subjected to a 
uniform force load F = 2 × 106N. The dimensions of the 3D beam are: 
length = 6 m, width = 1 m, and height = 1 m; and elastic properties are: 
Young’s modulus E = 3 × 108Pa, Poisson’s ratio v = 0.25. Quadratic 
hexahedron elements are first used to discretize the beam model, 
resulting in 1024 elements with 5121 nodes, as shown in Fig. 17. 

4.3.3. Calculation results 
In this section, different mixed-order element schemes based on the 

flexural angle-oriented order conversion approach are applied to the 
calculation. To better demonstrate the properties of mixed-order ele
ments, three different threshold angles including θ =0.2◦, 0.4◦, and 0.6◦

are selected in this simulation, the resulting mixed-order element allo
cation in the central z-plane of the beam is shown in Fig. 18. It can be 
seen from Fig. 18 that as θ increases, more surface edges are reduced to 
linear form, and almost all vertical edges are reduced to linear, which is 
easy to understand as such edges hardly undergo bending deformation. 
Furthermore, in the case of θ =0.6◦, only the horizontal edges near the 
middle position remain in quadratic form. 

The y-direction displacement uy of point A, which is marked in 
Fig. 16, is listed in Table 5 to compare the performance of different 
allocation schemes. As shown in Table 5, the accuracy of the allocation 
schemes with different θ can be nearly consistent with that of the 
quadratic element scheme, which is represented by θ = 0◦. However, the 
degrees of freedom have been greatly reduced, indicating the proposed 
order conversion approach has excellent advantages in terms of accu
racy and computation amount. uy of the observation position in the 
central axis of the top surface, which is shown in Fig. 17, are extracted to 
further compare the performance of different schemes in Fig. 19. 
Obviously, the accuracy of the proposed order conversion approach is 
further confirmed, as curves corresponding to different θ show very 

Fig. 14. Schematic diagram of the flexural angle of quadratic surface element.  

Fig. 15. Process diagram of automatic edge order conversion approach.  

Fig. 16. 3D BMM beam model.  

Fig. 17. The 3D mesh discretization of MBB beam.  
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small deviations. 

5. Engineering application 

To demonstrate the applicability of the proposed method in engi
neering practice, an actual underground drainage tunnel (Fig. 20) is 
selected in this section. The tunnel is located in a soil layer, the overlying 
soil above the tunnel is 18.9 m high. A bedrock layer lies beneath the soil 
mass, and other detailed geometric information can be found in Fig. 20. 
A linear hexahedron mesh including 11,960 elements and 13,902 nodes 
is discretized for the model. 

For the tunnel, it is discretized into 3-layer elements along the 
thickness direction. Between the tunnel and the soil, a thin layer of 
contact surface elements is arranged, just as shown in Fig. 20(b). During 
the analysis process, the behavior of overlying soil is assumed to 
conform to a generalized plastic model, and its parameters are listed in 
Table 6. The concrete for the tunnel lining and bedrock at the base are 
assumed to be elastic materials. Besides, joint elements are applied at the 
contact surface, and a generalized plastic contact surface model is 

Fig. 18. Mixed-order element allocation with different θ in the central z-plane.  

Table 5 
y-direction displacements of Point A in the cantilever beam.  

θ uy uy error (%) Dofs Dofs reduction (%) 

0◦ (Fully quadratic) 0.452 – 15,363 – 
0.2◦ 0.448 0.88 10,410 32.24 
0.4◦ 0.444 1.77 8292 46.03 
0.6◦ 0.438 3.10 7188 53.21  

Fig. 19. uy of the observation position in the top central axis.  

Fig. 20. Overall information of the underground drainage tunnel.  

Table 6 
Generalized plasticity model parameters for the overlying soil.  

G0 K0 Mg Mf αf αg Hu0 Hl0 mv 

470 1100 1.68 1.30 0.10 − 0.4 1100 550 0.23 
ml ms β0 β1 γDM rd γu mu  

0.45 0.23 20 0.02 20 110 5 0.45   

X. Nie et al.                                                                                                                                                                                                                                      



Engineering Analysis with Boundary Elements 164 (2024) 105760

11

adopted [57], whose parameters are given in Table 7. 
The displacement, deformation, and stress distribution contour of 

the tunnel are shown in Fig. 21. As can be seen in Fig. 21(a), the y-di
rection displacement uy will occur at the top of the tunnel under the self- 
weight pressure of the overlying soil, and the corresponding deforma
tion diagram is depicted in Fig. 21(b). In this deformation mode, a 
maximum tensile stress value of 0.156 MPa (Fig. 21(c)) is observed in 
element A located at the central position of the tunnel top, as shown in 
Fig. 22. 

Furthermore, to seek a more accurate calculation result, a mixed- 
order scheme is executed. With the tunnel as the focus of attention, 
the elements around the tunnel are raised to the quadratic form, and 
most of the remaining elements remain in a linear form. The elements 
connecting two orders of elements are regarded as mixed-order ele
ments, and the schematic diagram of the element allocation scheme in 
the cross-section is shown in Fig. 23(a). In addition, for comparison, a 
whole quadratic mesh is also included, as depicted in Fig. 23(b). Sub
sequently, simulation calculations based on the above two types of 
meshes are carried out. 

The obtained tensile stress extreme values in element A for different 

meshes are given in Table 8. Here, the result of the quadratic mesh are 
considered as a reference standard. As seen, due to the endowed local 
quadratic property, the mixed-order mesh can almost replicate the 
computational accuracy of a fully quadratic mesh with an error of 0.72 
%; however, the Dofs have been drastically scaled down by 50.11 %. The 
linear mesh, on the other hand, obtains result that differ significantly 
from that of the quadratic mesh due to the volume-locking restriction. 
Based on this, it is reasonable to believe that a local quadratic mesh is 
highly desirable in regions dominated by bending or tension. Therefore, 
the practicality of the proposed method in this paper can be 
demonstrated. 

6. Conclusion 

This paper develops a flexible mixed-order hexahedron element 
based on SBFEM theory with the co-existence of linear and quadratic 
forms for boundaries, wherein the interpolation function for quadrilat
eral surface elements with multiple nodes is formulated through seren
dipity elements. In addition, two approaches oriented to the critical 
region and the flexural angle are employed to achieve the conversion of 
boundary orders. The rationality and accuracy of the proposed method 
are demonstrated with several numerical examples. The main conclu
sions of this paper are as follows:  

(1) A satisfactory accuracy and robustness performance is achieved 
via the proposed method. The obtained results are in good 
agreement with the theoretical and quadratic FEM solutions with 

Table 7 
Generalized plastic interface model parameters.  

Ds0/kPa Dn0/kPa Mc er λ a/kPa0.5 b c 

1000 1500 0.88 0.0 0.091 224 0.06 3.0 
γd km Mf k H0/kPa fh t/m a 
0.2 0.6 0.65 0.5 8500 2.0 0.1 0.65  

Fig. 21. The calculation results for the tunnel.  
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errors of less than 3 %, while the error for the linear element is 
about 15 %, thereby the proposed method is proven to be reliable.  

(2) A significant improvement in the efficiency has been realized. 
The adoption of two order conversion approaches with less 
manual intervention ensures the proper arrangement of surface 
orders in hexahedron elements. In this way, unnecessary com
putations are circumvented, leading to a 40–55 % improvement 
in computational efficiency with minimal loss of accuracy. 
Meanwhile, satisfactory engineering applicability can also be 
achieved through the order conversion approach. 

Fig. 22. Maximum tensile stress region.  

Fig. 23. Schematic diagram of different mesh allocation schemes in the cross-section.  

Table 8 
Comparison of results and Dofs between different meshes.  

Mesh Tensile stress in element A / MPa 
(error/%) 

Dofs (reduction/ 
%) 

Quadratic 0.277 (-) 152,619 (-) 
Mixed-order 

(the proposed 
method) 

0.275 (0.72) 76,146 (50.11) 

Linear 0.156 (77.56) 41,706 (72.67)  
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The proposed method has the potential to be applied in reliability 
analysis to further enhance its practicality and expand its application 
scenarios, and this is also a focus of our future research. 
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